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HEAT KERNEL EXPANSIONS, AMBIENT METRICS AND
CONFORMAL INVARIANTS
ANDREAS JUHL
Abstract. The conformal powers of the Laplacian of a Riemannian metric which are
known as the GJMS-operators admit a combinatorial description in terms of the Tay-
lor coefficients of a natural second-order one-parameter family H(r; g) of self-adjoint
elliptic differential operators. H(r; g) is a non-Laplace-type perturbation of the con-
formal Laplacian P2(g) = H(0; g). It is defined in terms of the metric g and covariant
derivatives of the curvature of g. We study the heat kernel coefficients a2k(r; g) of
H(r; g) on closed manifolds. We prove general structural results for the heat kernel
coefficients a2k(r; g) and derive explicit formulas for a0(r) and a2(r) in terms of renor-
malized volume coefficients. The Taylor coefficients of a2k(r; g) (as functions of r)
interpolate between the renormalized volume coefficients of a metric g (k = 0) and
the heat kernel coefficients of the conformal Laplacian of g (r = 0). Although H(r; g)
is not conformally covariant, there is a beautiful formula for the conformal variation
of the trace of its heat kernel. Its proof rests on the combinatorial relations between
Taylor coefficients of H(r; g) and GJMS-operators. As a consequence, we give a heat
equation proof of the conformal transformation law of the integrated renormalized vol-
ume coefficients. By refining these arguments, we also give a heat equation proof of the
conformal transformation law of the renormalized volume coefficients itself. The Taylor
coefficients of a2(r) define a sequence of higher-order Riemannian curvature functionals
with extremal properties at Einstein metrics which are analogous to those of integrated
renormalized volume coefficients. Among the various additional results the reader finds
a Polyakov-type formula for the renormalized volume of a Poincare´-Einstein metric in
terms of Q-curvature of its conformal infinity and additional holographic terms.
The present study of relations between spectral theoretic heat kernel coefficients and
geometric quantities like renormalized volume coefficients is stimulated by the holo-
graphic perspective of the AdS/CFT-duality (proposing relations between functional
determinants and renormalized volumes).
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1. Introduction and formulation of the main results
Since the pioneering work [MP49], enormous progress has been made in understanding
the heat kernel of elliptic self-adjoint differential operators on manifolds. In this context,
the so-called Laplace-type operators are best understood. The small time asymptotic
expansion of the restriction of the heat kernel to the diagonal defines the so-called
(local) heat kernel coefficients. For geometric operators, these are of fundamental interest
since they bear geometric information. In fact, heat kernel coefficients of Laplace-type
operators play a central role in one approach to the index theorem ([G84], [BGV92]) and
the heat kernel coefficients of the Laplace-Beltrami operator and the Hodge-Laplacian on
forms contain basic information on the relation between spectral theory and geometry
([Ch84]). In addition, heat kernel coefficients of various operators are of interest in
quantum field theory (see [BD82], [A00] and the review [V03]).
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An obstacle in analyzing the properties of heat kernel coefficients is their quickly grow-
ing complexity (as a function of their order). However, at least in low-order cases, there
are well-known explicit formulas in terms of local invariants (see [BGM71], [McS67],
[G75] and [G84]). Note also that Weingart [W04] found very remarkable closed combi-
natorial formulas of heat kernel coefficients of arbitrary order.
The asymptotic expansion of the heat kernel is closely related to the notion of the
(zeta-regularized) functional determinant. For a self-adjoint Laplace-type operator on a
closed manifold, it gives the infinite product of its (non-zero) real eigenvalues a sense.
The notion was introduced by Ray and Singer [RS71] in order to define an analytic analog
of Reidemeister torsion. In addition, standard constructions in quantum field theory
[H77] lead to the consideration of functional determinants of differential operators (acting
on various types of fields). Of particular interest are operators which are determined
by a background metric and which are covariant with respect to conformal changes
of the metric. Although the functional determinant of such operators in general is
invariant under conformal changes, there are remarkable instances where the violation
of its conformal invariance can be described in terms of local quantities. For instance,
let ∆g = −δgd be the non-positive Laplacian of g
1 The transformation law
e2ϕ∆gˆ = ∆g, gˆ = e
2ϕg, ϕ ∈ C∞(M) (1.1)
for the Laplacian of a closed surface (M2, g) implies that the behaviour of its functional
determinant det(−∆g) under conformal changes g → gˆ of the metric is governed by the
Polyakov formula
log
(
det(−∆gˆ)
det(−∆g)
)
= −
1
4pi
∫
M
ϕ(a2(g)dvg + a2(gˆ)dvgˆ) (1.2)
(if g and gˆ have the same volume).2 Here the quantity a2(g) = scal(g)/6 is the second
heat kernel coefficient of the operator ∆g. By the transformation formula
e2ϕK(e2ϕg) = K(g)−∆g(ϕ)
for the Gauss curvatureK(g) = scal(g)/2, formula (1.2) is equivalent to the more familiar
version [OPS88]
log
(
det(−∆gˆ)
det(−∆g)
)
= −
1
12pi
∫
M
(2ϕK(g) + |dϕ|2g)dvg.
Polyakov’s formula is the key to the study of extremal properties of the functional
determinant of the Laplacian of surfaces [OPS88]. For a mathematical discussion of
some of the related constructions of string theory see [AJPS97].
In higher dimensions, (1.1) generalizes to the conformal covariance
e(
n
2
+1)ϕP2(gˆ) = P2(g)e
(n
2
−1)ϕ, gˆ = e2ϕg, ϕ ∈ C∞(M)
of the conformal Laplacian
P2(g)
def
= ∆g −
(n
2
−1
)
J(g), J(g) =
scal(g)
2(n−1)
. (1.3)
1We use the convention that−∆ = δd is non-negative. In particular, the Laplacian ∆ of the Euclidean
space Rn is the sum of the second-order partial derivatives.
2For the definition of the determinant see Section 13.2.
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On closed manifolds (Mn, g) of even dimension n, an infinitesimal version of (1.2) for
the functional determinant of P2(g) states that
3
(d/dε)|ε=0(log det(−P2(e
2εϕg)) = −2
∫
M
ϕan(g)dvg, (1.4)
where the conformal anomaly an ∈ C
∞(Mn) is the critical heat kernel coefficient of the
conformal Laplacian (see (1.16)).4 The derivation of a full analog of Polyakov’s formula
(1.2) then requires finding a conformal primitive of the right-hand side of the latter for-
mula. This is a delicate matter of substantial interest (see [B95]). It motivated Branson
to introduce the notion of Q-curvature Qn, and experimental evidence in low-order cases
led him to suspect that in some sense the critical Q-curvature Qn plays the role of a main
part of the critical heat kernel coefficient (universally also for other conformally covariant
operators) [BG08]. The functional g 7→ an(g) is a local Riemannian invariant of weight
n with the property that its total integral on closed manifolds is conformally invariant
([BO86], [PR87]). This is one of the basic consequences of the conformal covariance of
P2 for its heat kernel coefficients. Although this property already has the strong impli-
cation that an(g) is a linear combination of the Pfaffian of g, a local conformal invariant
and a divergence (by the Deser-Schwimmer decomposition proved in [A12]), the full
structure of its heat kernel coefficients is far from being well-understood. In particular,
the explicit form of the mentioned decomposition of the critical heat kernel coefficients
is not known, and the general principles which may connect heat kernel coefficients of P2
(and other conformally covariant operators) and Q-curvatures have not yet been found.
For a brief introduction to the numerous aspects of Q-curvature see [CEOY08].
In recent years, speculations on dalities between gauge field theories and theories of
gravity (as the so-called AdS/CFT-correspondence and versions of it)5 led to the intro-
duction of the notion of renormalized volume (see [HS98] and [G00]). The definition of
the renormalized volume rests on the notion of Poincare´-Einstein metrics in the sense
of Fefferman and Graham ([FG85], [FG12]). In some respects, the behaviour of the
renormalized volume functional resembles that of the functional determinant. In fact, in
even dimension its conformal variation is given by an anomaly vn. Like an, the critical
renormalized volume coefficient g 7→ vn(g) is a scalar curvature invariant of weight n
whose total integral on closed manifolds is a global conformal invariant. Moreover, in
odd dimensions, both the functional determinant of the conformal Laplacian and the
renormalized volume are conformally invariant. The AdS/CFT-correspondence actually
involves (in specific cases) relations between (critical) heat kernel coefficients and (criti-
cal) renormalized volume coefficients; one of these relations was confirmed in [HS98] (for
details see also Section 6.15 of [J09a]). For recent progress on the extremal properties
of the renormalized volume functional we refer to [GMS12] and [CFG12].
These developments motivate the study of relations among the elements of the three
series of scalar local Riemannian invariants which (for even n) are given by
3In order to simplify the formulation, we assume that P2(g) has only positive eigenvalues.
4Here we refer to the coefficient of t0 in the heat kernel expansion as to the critical heat kernel
coefficient. Later we shall change the convention and denote the product of this coefficient with the
factor (4pi)
n
2 by an.
5Although that subject has its own huge literature, we only refer to Witten’s seminal work [W98].
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• the heat kernel coefficients a2, a4, . . . , an of the conformal Laplacian,
6
• the Branson Q-curvatures Q2, Q4, . . . , Qn,
• the renormalized volume coefficients v2, v4, . . . , vn.
A remarkable common property of the corresponding integral functionals is their con-
formal variational formula(∫
Mn
F2k(g)dvg
)•
[ϕ] = (n−2k)
∫
Mn
ϕF2k(g)dvg (1.5)
on closed manifolds. Here and in the following we use the notation
F(g)•[ϕ] = (d/dε)|0(F(e
2εϕg))
for the conformal variation of a scalar-valued functional F . For the respective proofs see
[BO86], [PR87] (for F2k = a2k), [B95] (for F2k = Q2k) and [CF08], [G00] (for F2k = v2k).
Equation (1.5) implies that (for even n) the total integral of Fn is a global conformal
invariant. Hence the Deser-Schwimmer decomposition (proved in [A12]) shows that each
of the quantities an, Qn and vn decomposes as a linear combination of the Pfaffian, local
conformal invariants and a divergence.
As explained above, the relation between heat kernel coefficients and Q-curvatures is
expected to be important for generalizations of Polyakov’s formula, and the relation of
heat kernel coefficients to renormalized volume coefficients plays a central role in tests
of gauge-gravity dualities.
On the other hand, recent years have seen substantial progress in understanding the
relations between Q-curvatures Q2N and renormalized volume coefficients v2N . First of
all, there is a natural decomposition of the critical Q-curvature Qn (in even dimension) as
a linear combination of vn and a sequence of differential operators acting on lower-order
renormalized volume coefficients [GJ07]. That result extends a result of [GZ03] and has
natural generalizations to all Q-curvatures [J11]. Next, the sequence of Q-curvatures
turned out to have a recursive structure which allows to determine any Q-curvature
in terms of renormalized volume coefficients and GJMS-operators acting on respective
lower-order Q-curvatures ([J14]).
We continue with the description of the content of the present paper. The central point
is that we consider the heat kernel of the conformal Laplacian from a new perspective.
Here we develop only some of the aspects of this point of view, and expect that further
investigations will be fruitful. The new perspective is inspired by the interactions of the
theories mentioned above. More precisely, we use Poincare´-Einstein metrics to introduce
a one-parameter family H(r; g) of self-adjoint elliptic operators so that
H(0; g) = P2(g).
We regard H(r; g) as a perturbation of the conformal Laplacian. Through the heat
kernel coefficients of the family H(r; g) we embed the heat kernel coefficients of P2 into
one-parameter families of local Riemannian invariants. Although the operator H(r; g)
for r 6= 0 is not conformally covariant, its behaviour resembles that of a conformally
covariant one. An important observation is that in the theory of the heat kernel of
H(r; g) the variables r and t play similar roles. In particular, that will allow us to give a
6Here one may also consider heat kernel coefficients of other conformally covariant operators.
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heat equation proof of the conformal variational properties of the renormalized volume
coefficients.
We continue with the formulation of the main results. We start with the definition of
the holographic Laplacian H(r; g). On any Riemannian manifold (M, g) of dimension
n ≥ 3, there is a sequence P2(g), P4(g), . . . of higher-order generalizations of the confor-
mal Laplacian which are known as the GJMS-operators [GJMS92]. These operators are
conformally covariant in the sense that
e(
n
2
+N)ϕP2N(e
2ϕg) = P2N(g)e
(n
2
−N)ϕ
for all ϕ ∈ C∞(M), and can be viewed as corrections of powers of the Laplacian ∆g
by lower-order terms which, as for P2, are determined by the covariant derivatives of
the curvature of the metric g. The second operator in the sequence is the well-known
Paneitz operator [P08]7
P4 = ∆
2 + δ((n−2)Jg − 4P)d+
(n
2
−2
)(n
2
J
2 − 2|P|2 −∆J
)
, (1.6)
where
P =
1
n−2
(
Ric−
scal
2(n−1)
)
is the Schouten tensor of g and J its trace. The construction of these operators in
[GJMS92] works for all orders on manifolds of odd dimension but is restricted to orders
not exceeding the dimension of the underlying manifold if the dimension is even.
For N ≥ 3, the structure of these conformally covariant powers of the Laplacian is
quite complicated. However, in the recent work [J13] we revealed new structures in the
sequence of these operators. In particular, we found that any GJMS-operator P2N(g)
can be written as a linear combination
P2N =
∑
|I|=N
nIM2I
of compositions of certain natural self-adjoint building-block operators M2N(g) with
M2 = P2 (see Section 2). One of the main results of [J13] (see Theorem 2.1) is a
description of these building-block operators. It states that the generating function∑
N≥1
M2N(g)
1
(N − 1)!2
(
r2
4
)N−1
of the building-block operators coincides with the Schro¨dinger-type operator
H(r; g)
def
= −δ(g(r)−1d) + U(r; g) (1.7)
with the potential
U(r; g)
def
= −w(r)−1
(
∂2/∂r2 − (n− 1)r−1∂/∂r − δ(g(r)−1d)
)
(w(r)). (1.8)
In particular, all building-block operators are only second-order. In these definitions,
δ : Ω1(M) → C∞(M) denotes the adjoint of d : C∞(M) → Ω1(M) with respect to the
Hodge scalar products defined by g; on vector fields it corresponds to the (negative)
7Paneitz discovered that operator in general dimensions in 1983. Around the same time, this operator
in dimension n = 4 independently appeared in different contexts in [FT82], [R84] and [ES85].
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divergence with respect to g. g(r) is a smooth even one-parameter family of metrics on
M so that g(0) = g and
g+ = r
−2(dr2 + g(r))
is an asymptotic Einstein metric in the sense that the tensor
Ric(g+) + ng+
vanishes asymptotically at r = 0. In (1.7) and (1.8), g(r) is regarded as an endomorphism
on one-forms using g. The metric g+ is a Poincare´-Einstein metric in the sense of [FG12].
In odd dimension n, all coefficients in the formal even power series expansion
g(r) = g + r2g(2) + r
4g(4) + · · ·+ r
n−1g(n−1) + · · ·
at r = 0 are determined by g. In even dimension n, the situation is more subtle. For
general metrics g, the coefficients g(2), . . . , g(n−2) in the even expansion
g(r) = g + r2g(2) + · · ·+ r
n−2g(n−2) + · · ·
are determined by g. However, there is an obstruction to finding a solution to the order
n. More precisely, the trace of the Taylor coefficient of rn is still determined by g, but the
determination of the trace-free part is obstructed by the so-called obstruction tensor. For
some special metrics, more information on these expansions is available. In particular,
for conformally flat metrics in dimension n ≥ 4, the expansion of g(r) terminates at r4.
Moreover, for conformally Einstein metrics g (in even dimension n ≥ 4), the family g(r)
is uniquely determined (although explicit formulas are not known except for Einstein
metrics). For more details we refer to Section 2.
The function w(r) ∈ C∞(M) in (1.8) is defined as the square root
w(r)
def
=
√
v(r) (1.9)
of
v(r)
def
=
√
det g(r)/
√
det g ∈ C∞(M). (1.10)
It also plays an important role in structural formulas for Q-curvatures (see (2.10)).
The power series coefficients v2k of v(r) are the renormalized volume coefficients. For
general metrics, they are well-defined for all k ≥ 0 in odd dimensions and for 2k ≤ n
in even dimension.8 However, for locally conformally flat and conformally Einstein
metrics, all coefficients v2k are well-defined also in even dimension n ≥ 4. In all cases,
the coefficients v2k are scalar Riemannian invariants of g of weight 2k.
Now, for general metrics g, we define the operator H(r; g) by the formula (1.7) using
an even Poincare´-Einstein metric relative to g. Then the second-order and potential
parts of the Taylor coefficient of r2N of H(r; g) involve the tensors g(2j) up to g(2N) and
g(2N+2), respectively. Here the the potential part depends on the coefficient g(2N+2) only
through v2N+2. In particular, for even n, the Taylor coefficients of H(r; g) up to r
n−2
are uniquely determined by the metric g. In the discussions below, the parts of H(r; g)
which are not uniquely determined by g will play no role. Similarly, for odd n, the full
formal Taylor expansion of H(r; g) at r = 0 is uniquely determined by g. For more
details we refer to Section 2.
8g(n) contributes to vn only through its uniquely determined g-trace.
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We regard the second-order operator H(r; g) as a canonical geometric differential op-
erator defined by a Riemannian metric. Since its definition involves concepts on a space
of one higher dimension including the concept of renormalized volume (or holographic)
coefficients v2k(g), we refer to it as to the holographic Laplacian of g. We emphasize,
that H(r; g) is not a Laplace-type operator or generalized Laplacian (with respect to g)
in the sense of [G84] and [BGV92], respectively.
In these terms, the main result of [J13] can be rephrased by saying that the holographic
Laplacian coincides with the generating function of the building-block operators of the
GJMS-operators.
In the first section of Section 14, we display explicit formulas for the first three terms in
the power series expansion of the holographic Laplacian (as a function of r2) regarded as
a perturbation of the conformal Laplacian P2. In particular, the first-order perturbation
is given by the operator
P2 +M4
r2
4
= P2 − δ(Pd)r
2 + (−J2−(n−4)|P|2+∆J)
r2
4
.
We also note that, for an Einstein metric g, the operator H(r; g) takes the particularly
simple form
(1− λr2/4)−2P2(g), λ = scal(g)/n(n−1) (1.11)
(see Section 11.2 of [J13]).
In [FG12], Fefferman and Graham revealed the relation of the operator (1.7) to the
Laplacian of the ambient metric and used it for an alternative proof of the results in
[J13]. For more details we refer to Section 2.
The building-block operatorsM2N(g) are natural in g but not covariant under confor-
mal changes of the metric (except for N = 1). However, for constant conformal changes
g 7→ λ2g, i.e., for rescalings of g, they obey the transformation law
λ2NM2N(λ
2g) =M2N(g), λ 6= 0.
These relations imply
λ2H(r;λ2g) = H(r/λ; g), λ 6= 0. (1.12)
Under general conformal changes, the behaviour of the building block operators is much
more complicated. But it is remarkable that the conformal variation of anyM2N can be
described only in terms of respective lower-order building-block operators. The following
result is a consequence of such a description. It is the first main result of the present
paper and constitutes the basis of the whole work.
Theorem 1.1 (Conformal variation of H(r; g)). For any metric g and any ϕ ∈
C∞(M), we have
(∂/∂t)|t=0
(
e(
n
2
+1)tϕH(r; e2tϕg)e−(
n
2
−1)tϕ
)
= −
1
2
r(∂/∂r)(ϕH(r; g) +H(r; g)ϕ)− [H(r; g), [K(r; g), ϕ]] (1.13)
for sufficiently small r. Here
K(r; g)
def
=
∑
N≥1
M2N(g)
1
N !(N−1)!
(
r2
4
)N
=
1
2
∫ r
0
sH(s; g)ds.
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On the right-hand side of (1.13), ϕ is regarded as a multiplication operator.
Here we use the following conventions. For odd n ≥ 3, the identity (1.13) is to be
interpreted as a relation of formal power series in r. For even n ≥ 4 and general metrics,
it asserts the equality of the power series expansions of both sides of (1.13) up to rn−2.
However, for locally conformally flat metrics and conformally Einstein metrics in even
dimension n ≥ 4, the equality of formal power series is valid without restrictions on the
powers of r2. Similar interpretations will be used in what follows without mentioning.
Theorem 1.1 obviously generalizes the infinitesimal version
(d/dt)|t=0(e
2λtH(r; e2λtg)) = (d/dt)|t=0(H(re
−λt; g)), λ ∈ R
of (1.12). The restriction of the right-hand side of (1.13) to r = 0 vanishes. Thus, in
view ofM2 = P2, Equation (1.13) also generalizes the infinitesimal conformal covariance
of the conformal Laplacian. In particular, the conformal weights n
2
+ 1 and n
2
− 1 in
(1.13) are the same as for the conformal Laplacian.
Now we consider spectral invariants for the holographic Laplacian. For this purpose,
we assume from now on that the underlying manifold M is closed. For sufficiently small
r, g(r) is a Riemannian metric and the holographic Laplacian is elliptic.
The following result is a conformal variational formula for the trace of the heat kernel
of the (negative) holographic Laplacian. It is a consequence of the variational formula
in Theorem 1.1.
Theorem 1.2 (Conformal variation of trace of heat kernel of H(r; g)). For any
metric g on a closed manifold M , we have
(∂/∂ε)|ε=0(Tr(exp(tH(r; e
2εϕg))))
= −2t(∂/∂t)(Tr(ϕetH(r;g)))− rt
1
2
Tr
(
(ϕH˙(r; g) + H˙(r; g)ϕ)etH(r;g)
)
(1.14)
for sufficiently small r and all ϕ ∈ C∞(M). Here traces are taken in L2(M, g) and the
dot denotes the derivative with respect to r.
Two comments on this result are in order. First, the relation (1.14) is to be inter-
preted as an identity of formal power series in r (up to rn−2 for even n and general
metrics). Second, it is one of the basic features of Theorem 1.2 that the massive double-
commutator term on the right-hand side of (1.13) does not contribute to (1.14). This
follows from the observation that for any differential operator K on M we have
Tr([H,K]etH) = Tr(HKetH −KHetH) = Tr(KetHH)− Tr(KHetH) = 0
by the cyclicity of the trace and the fact that H commutes with etH. It is actually this
result which makes the trace of the heat kernel of H(r; g) a manageable object. On the
other hand, the discussion of the local variational formula for the renormalized volume
coefficients in Section 13.3 will illustrate the significance of the double-commutator term
in (1.13).
By the ellipticity of H(r; g) (for sufficiently small r), the trace of exp(tH(r; g)) has an
asymptotic expansion
Tr(exp(tH(r; g)) ∼ (4pit)−
n
2
∑
j≥0
tj
∫
M
a2j(r; g)dvg, t→ 0 (1.15)
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which generalizes the asymptotic expansion
Tr(exp(tP2(g)) ∼ (4pit)
−n
2
∑
j≥0
tj
∫
M
a2j(g)dvg, t→ 0 (1.16)
of the trace of the heat kernel of the conformal Laplacian. Indeed, the heat kernel
coefficients a2j(r; g) satisfy the restriction property a2j(0; g) = a2j(g). Theorem 1.7
implies that the functionals g 7→ a2k(r; g) are one-parameter families of local Riemannian
invariants of g. Let a(2j,2k)(g) be the coefficients in the Taylor expansion of a2k(r; g):
9
a2j(r; g) ∼
∑
k≥0
a(2j,2k)(g)r
2k, r → 0. (1.17)
For constant conformal changes g 7→ λ2g, i.e., for rescalings of the metric, the relation
(1.12) implies that
a2j(r;λ
2g) = λ−2ja2j(r/λ; g), λ 6= 0. (1.18)
Hence
a(2j,2k)(λ
2g) = λ−2j−2ka(2j,2k)(g), λ 6= 0.
In other words, the invariant a(2j,2k)(g) ∈ C
∞(M) is of weight 2j + 2k.
In the following, the coefficients a(2j,n−2j) (for even n) will be called critical heat kernel
coefficients of H(r). Since these coefficients satisfy
a(2j,n−2j)(λ
2g) = λ−na(2j,n−2j)(g), (1.19)
their total integrals are scale-invariant.
We note that the explicit formula (1.11) for the holographic Laplacian H(r; g) of an
Einstein metric g shows that for such a metric the heat kernel coefficients a2j(r; g) are
given by the relation
a2j(r; g) = (1− λr
2/4)n−2ja2j(g). (1.20)
For general metrics, the dependence of the coefficients a2j(r; g) on r is significantly more
complicated, however.
We continue with the discussion of consequences of Theorem 1.2 for the behaviour
of the heat kernel coefficients of H(r; g) under general conformal changes of the metric.
Due to the overall factor r in the second term on right-hand side of (1.14), this equation
specializes for r = 0 to the conformal variational formula
(∂/∂ε)|ε=0(Tr(exp(tP2(e
2εϕg)))) = −2t(∂/∂t)(Tr(ϕetP2(g)))
for the trace of the heat kernel of the conformal Laplacian. In [BO86] and [PR87] it is
shown that the latter formula implies the conformal variational formulas(∫
Mn
a2j(g)dvg
)•
[ϕ] = (n−2j)
∫
Mn
ϕa2j(g)dvg. (1.21)
In particular, for even n, the functional
g 7→
∫
Mn
an(g)dvg (1.22)
9For even n and general metrics g, the operator H(r; g) is uniquely defined only up to order rn−2.
Hence, in this case, the expansions of a2j(r; g) are well-defined also only up to order r
n−2. However,
they are well-defined to all orders for conformally Einstein metrics.
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is a global conformal invariant. Since the integrand an is the constant term in the
expansion (1.16), the integral (1.22) is often referred to as a conformal index [BO86].
The second term on the right-hand side of (1.14) contributes only to the conformal
transformation laws of the non-constant Taylor coefficients of a2j(r; g) with respect to
r. By the cyclicity of the trace, it equals
−rt
1
2
Tr
(
ϕ
(
H˙(r; g)etH(r;g) + etH(r;g)H˙(r; g)
))
. (1.23)
If H(r; g) and H˙(r; g) commute, this sum can be written in the form
−r(∂/∂r)(Tr(ϕetH(r;g))). (1.24)
The similarity of both contributions
−2t(∂/∂t)(Tr(ϕetH(r;g))) and − r(∂/∂r)(Tr(ϕetH(r;g)))
suggests to consider r2 as a second time variable. But since H(r) and H˙(r) do not
commute in general, the right-hand side of (1.14) is the sum of these two contributions
and a contribution given by the difference of (1.23) and (1.24). The additional term can
be described in terms of the restriction to the diagonal of the kernel of the operator
C (t; r) =
1
2pii
∫
Γ
[R(λ), [R(λ), H˙(r)]]e−tλdλ (1.25)
(Lemma 5.1), where R(λ) = R(r;λ) denotes the resolvent of −H(r). Theorem 1.5 below
is motivated by the analysis of this term.
For special metrics, the operator C (t; r) may vanish. For instance, (1.11) implies that
for an Einstein metric g the families H(r; g) and H˙(r; g) are proportional by a factor
which only depends on r. Hence, for such metrics, the term (1.25) vanishes and, by
combining Theorem 1.2 with the above arguments, we obtain the following result.
Proposition 1.1. On closed Einstein manifolds (Mn, g) of even dimension n, we have(∫
Mn
a(2j,2k)(g)dvg
)•
[ϕ] = (n−2j−2k)
∫
Mn
ϕa(2j,2k)(g)dvg. (1.26)
In particular, the total integrals ∫
Mn
a(2j,n−2j)dv (1.27)
of the critical heat kernel coefficients are critical at Einstein metrics in their conformal
class.
It is natural to regard Proposition 1.1 as a result on the two-parameter spectral zeta
function
ζ(r; s)
def
=
∑
k
1
λk(r)s
, ℜ(s) >
n
2
(1.28)
of −H(g; r). In the latter definition, we assume that the eigenvalues λk(r) of −H(g; r)
are positive (for sufficiently small r). The function s 7→ ζ(r; s) admits a meromorphic
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continuation to C with simple poles in s ∈ {n/2, n/2 − 1, . . . , 1}. Moreover, the corre-
sponding residue in n/2− k is a constant multiple of the total integral of a2k(g; r). Now
the conformal variation of ζ(r; s) at an Einstein metric is given by the formula
ζ(r; s)•[ϕ] = (2s−r∂/∂r)ζ(ϕ; r; s), (1.29)
where the local zeta function ζ(ϕ; r; s) is defined by
ζ(ϕ; r; s) =
1
Γ(s)
∫ ∞
0
ts−1Tr(ϕetH(r))dt, ℜ(s) > n/2.
Like ζ(r; s), the local zeta function ζ(ϕ; r; s) admits a meromorphic continuation to C
and the relation (1.29) is valid as an identity of meromorphic functions. For more details
we refer to Section 13.2.
In particular, expanding the resulting relation for residues in the variable r for even
n yields the relations (1.26) for j = 0, 1, . . . , n/2 − 1. Similarly, the relations (1.26) for
j ≥ n/2 are obtained by expanding the values of both sides of (1.29) at s = n/2 − j ∈
−N0.
The formula (1.29) also has an interesting consequence for odd n. Let ζ2k(s) be the
coefficients in the expansion of ζ(r; s) in the variable r (as in (13.12)). Now, for odd n,
ζ(r; s) is regular at s ∈ N. The functionals
g 7→ ζ2k(k; g)
are scale-invariant and (1.29) implies that all zeta values
ζ2k(k) for k ∈ {0, 1, . . . , (n− 1)/2, . . . }
are critical at Einstein metrics in their conformal class.
In the variational formula (1.14), the contribution by (1.25) vanishes for r = 0 for all
metrics (due to the overall r-factor). Thus, the same arguments prove the conformal
invariance of the total integral of an = a(n,0) for general metrics.
For general metrics, the term (1.25) does not contribute to the leading heat kernel
coefficient a0(r) of H(r). More precisely, we shall prove the relation
a0(r) = v(r) (1.30)
(Lemma 6.1). The latter result also follows from the well-known general results in
Chapter II of [S01] and [DG75]. The main point here is that by combining the relation
(1.30) with the above arguments concerning the behaviour of the total integrals of a0(r)
naturally leads to a heat equation proof of the following variational formula.
Theorem 1.3 ([CF08], [G09]). For any metric g on a closed manifold M of dimension
n and 2k ≤ n if n is even, we have(∫
M
v2k(g)dvg
)•
[ϕ] = (n−2k)
∫
M
ϕv2k(g)dvg (1.31)
for all ϕ ∈ C∞(M).
In particular, for closed manifolds M of even dimension n, the total integral of vn
is conformally invariant. We also recall that this integral is proportional to the total
integral of the critical Q-curvature (see [GZ03], [GJ07], [J09a]). The quantity vn is the
conformal anomaly of the renormalized volume [G00], [CFG12].
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A somewhat subtle point in the heat equation proof of Theorem 1.3 is that, for general
metrics in even dimension n, it does not cover the total integral of the critical coefficient
vn. The reason is that for general metrics the holographic Laplacian is only uniquely
defined up to order rn−2.
The heat equation proof of Theorem 1.3 is an application of the algebraic relation
between the operator H(r; g) and the GJMS-operators (Theorem 2.1). It completely
differs from earlier arguments in [CF08] and [G09].
For locally conformally flat metrics on manifolds of even dimension n, the coefficient
vn is a multiple of the integrand in the Chern-Gauss-Bonnet theorem, i.e., of the Euler
form (or Pfaffian) (see [GJ07]). Hence, for such metrics, the integrated leading heat
kernel coefficient of H(r) spectrally detects the Euler characteristic of the underlying
manifold in its Taylor coefficient of rn.
We continue with a discussion of the sub-leading heat kernel coefficient a2(r) of H(r).
In order to describe the conformal variation of its total integral, we introduce the cor-
rected sub-leading heat kernel coefficient
Λ(r) = a2(r)− (w˙(r))
2 ∈ C∞(M). (1.32)
The function Λ(r) has an even expansion Λ0 + Λ2r
2 + Λ4r
4 + · · · . Note that Λ0 = a2.
In these terms, we state our second main result.
Theorem 1.4. For any metric g on a closed manifoldM of dimension n and 2k ≤ n−2
if n is even, we have(∫
M
Λ2k(g)dvg
)•
[ϕ] = (n−2−2k)
∫
M
ϕΛ2k(g)dvg (1.33)
for all ϕ ∈ C∞(M). In particular, for even n, the functional
Ln−2 : g 7→
∫
M
Λn−2(g)dvg
is conformally invariant, i.e., Ln−2(e
2ϕg) = Ln−2(g).
Theorem 1.4 shows how to extract from the heat kernel coefficient a2(r) of H(r) a
Riemannian curvature integral which, under conformal changes of the metric, behaves
similarly as the total integrals of the renormalized volume coefficients v2k and the heat
kernel coefficients a2k of the conformal Laplacian. In particular, the conformal invariance
of Ln−2 is an analog of the conformal invariance of the total integrals of an (conformal in-
dex) and vn. Theorem 1.8 will actually explain this result by an independent calculation
of the invariants Λ2k.
The proof of Theorem 1.4 rests on Theorem 1.2 and a certain integral formula. In order
to state that formula, we introduce some additional notation. For any Φ ∈ C∞(T ∗M)
which is polynomial on the fibers of T ∗M , we set
〈Φ〉
def
=
(∫
Rn
Φe−H(r)dξ
)/(∫
Rn
e−H(r)dξ
)
∈ C∞(M),
where the quadratic form
H(r) = H(r)(x, ξ) =
∑
i,j
g(r, x)−1ij ξiξj ∈ C
∞(T ∗M) (1.34)
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is the principal symbol of the (negative) holographic Laplacian, i.e., of −∆g(r), in local
coordinates.10 In these terms, we prove the following result.
Theorem 1.5. For any metric g, we have
1
3!
〈{
H(r),
{
H(r), H˙(r)
}}〉
= −∆g(r)((v˙/v)(r)) (1.35)
for sufficiently small r as an identity of functions on M . Here the brackets denote the
Poisson brackets of the standard symplectic structure on T ∗M .
On the other hand, the following variational formula yields a local conformal primitive
of the “expectation value” in Theorem 1.5.
Theorem 1.6. For any metric g on a closed manifold M of dimension n, we have(∫
M
(w˙(r))2dv
)•
[ϕ] = (n−2−r∂/∂r)
∫
M
ϕ(w˙(r))2dv+r
1
2
∫
M
ϕv(r)∆g(r)((v˙/v)(r))dv
for sufficiently small r and all ϕ ∈ C∞(M).
Theorem 1.6 is a consequence of a variational formula for v(r) (Theorem 8.1) which
constitutes a local refinement of Theorem 1.3.
Next, we formulate a structural result for the invariants a2k(r). For this purpose, we
first write H(r; g) in the form
H(r; g) = ∆g(r) − (d log v(r), d)g(r) + U(r; g). (1.36)
It relates the non-Laplace-type operator H(r; g) for the metric g to a Laplace-type
operator for the metric g(r). Indeed, we identify the latter operator with an operator of
the form
trg(r)(∇
v(r) ◦ ∇v(r)) + endomorphism
on the sections of the trivial line bundle L =M×C equipped with the connection ∇v(r)
with connection one-form
ω(r) = −
1
2
d log v(r) ∈ Ω1(M) (1.37)
for the trivialization by the section s0 = 1.
For arbitrary E ∈ C∞(M) and ω ∈ Ω1(M), let a2k(L) be the k
th heat kernel coefficient
of the Laplace type operator L = trg(∇ ◦ ∇) + E on the sections of the line bundle
L = M × C equipped with the connection ∇ω with connection one-form ω. Then
a2k(L) is an invariant non-commutative polynomial
a2k(R,Ω, E)
of order 2k in the covariant derivatives of the curvature of the Levi-Civita connection of
g, of the curvature Ω = dω and of the endomorphism E (see Chapter 4 of [G84]).
Theorem 1.7. The heat kernel coefficients a2k(r) have the form
a2k(r) = a2k(R(r), 0, E(r))v(r), (1.38)
10It is easy to verify that 〈Φ〉 is well-defined, i.e., independent of the choice of local coordinates.
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where R(r) = R(g(r)) denotes the curvature of the Levi-Civita connection of g(r) and
the endomorphism E(r) is given by the function
E(r) = −w(r)−1
(
∂2
∂r2
−
n−1
r
∂
∂r
)
(w(r)). (1.39)
Note that the exactness of the connection one-form d log v implies that the curvature
of ∇v vanishes. We also emphasize that the potential E(r) does not contain derivatives
of the function w(r) along M . By Theorem 1.7, explicit formulas for low-order heat
kernel coefficients of Laplace-type operators imply formulas for low-order coefficients
a2k(r).
In particular, Theorem 1.7 generalizes (1.30) (by using a0 = 1). Similarly, using
a2 =
scal
6
+ E,
we obtain the following result for the sub-leading heat kernel coefficient a2(r).
Theorem 1.8. For any metric, the sub-leading heat kernel coefficient of the holographic
Laplacian H(r) is given by the formula
a2(r) = −
1
3
(
v¨(r)−
(n
2
−1
)
r−1v˙(r)
)
+ (w˙(r))2. (1.40)
Equivalently, the power series coefficients of the corrected heat kernel coefficient
Λ(r) = a2(r)− (w˙(r))
2 =
∑
k≥0
Λ2kr
2k
satisfy the relations
Λ2k−2 =
1
3
k(n−4k)v2k, k ≥ 1. (1.41)
In particular, we have
Ln−2(g) = −
n2
6
∫
Mn
vn(g)dvg.
Some comments on Theorem 1.8 and its proof are in order.
We recall that for general metrics the relation (1.40) is to be understood as an identity
of formal power series (up to rn−2 for even n). However, for locally conformally flat
metrics in dimension n ≥ 3, we have
g(r) = g − r2P+ r4/4P2 and v(r) = det(1− r2/2P),
and H(r) is well-defined as an analytic function in r. In that case, the relation (1.40) is
a formula for the analytic function a2(r) in terms of v(r).
If g is Einstein, then v(r) = (1 − cr2)n for some constant c so that J = 2cn. In this
case, Theorem 1.8 yields
a2(r) = −
1
3
cn(n−4)(1− cr2)n−2 = −
1
6
(n−4)J(1− cr2)n−2.
In view of a2 = −
1
6
(n−4)J, this fits with the consequence a2(r) = (1 − cr
2)n−2a2 of
(1.20).
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The power series coefficients ω2k of (w˙(r))
2 are polynomials of degree k (without a
linear term) in the coefficients v2, v4, . . . . For instance, we have ω2 = v
2
2 and ω4 =
4v2v4 − v
3
2. Thus, the power series of a2(r) starts with
n−4
3
v2 + r
2
(
2(n−8)
3
v4 + v
2
2
)
+ r4
(
(n−12)v6 + 4v2v4 − v
3
2
)
+ · · · .
It seems remarkable that the sub-leading heat kernel coefficient a2(r) can be described
in terms of renormalized volume coefficients only. In view of a0(r) = v(r), the relation
(1.40) actually may be regarded as a relation between the heat kernel coefficients a2(r)
and a0(r). The structure of a4(r) is substantially more complicated, however. In fact,
a4 = a4(0) contains a contribution by the norm of the Weyl tensor (see Section 14.2)
and the Taylor coefficients of a4(r) cannot be written in terms of renormalized volume
coefficients only (see Proposition 14.13).
Combining Theorem 1.8 with Theorem 1.4 leads to a second heat kernel proof of the
variational formula for integrated renormalized volume coefficients (Theorem 1.3); that
proof also covers the conformal invariance of the total integral of vn for even n.
Of course, combining Theorem 1.8 with Theorem 1.3, yields a second proof of Theorem
1.4. Nevertheless, the arguments leading to Theorem 1.4 without invoking an explicit
formula for a2(r) do not lose their significance since they suggest the existence (and ways
of finding) of analogs of Theorem 1.4 for the heat kernel coefficients a2k for k ≥ 2 (for
more details we refer to Section 13).
In addition to the above argument, we shall give a proof of Theorem 1.8 which only
rests on the direct evaluation of the algorithm for the calculation of the heat kernel
coefficients (described in Section 4).
Now we turn to the formulation of the last main result of the paper. For closed man-
ifolds M , the total integrals of the heat kernel coefficients a2k(r) are spectral invariants.
For k = 0, the Taylor coefficients of this invariant are given by the total integrals of
the renormalized volume coefficients. These functionals are variational [CF08] and have
interesting extremal properties at Einstein metrics [GL11], [CFG12]. From that perspec-
tive, Theorem 1.8 suggests to study the extremal properties of the Taylor coefficients
W2k of the functional
W (r)
def
=
∫
Mn
(w˙(r))2dv, (1.42)
i.e., of
W2k =
∫
Mn
ω2kdv
at Einstein metrics. In view of ω2 = v
2
2 , the functionals W2k are generalizations of
the quadratic curvature functional
∫
M
scal2 dv. The local Riemannian invariant ω2k is a
polynomial of degree 2k in the curvature with the property that ω2k(λ
2g) = λ−2k−2ω2k(g)
for λ 6= 0. Hence W2k is homogeneous of degree n− 2− 2k. Although the invariants ω2k
become very complicated for large k, we prove the following result.
Theorem 1.9. Let (Mn, g) be a closed unit volume Einstein manifold of dimension
n ≥ 4. Assume that scal(g) > 0 and let 2k ≤ n−2. Then the restriction of the functional
(−1)kW2k to the set [g]1 of unit volume metrics conformal to g has a strict local maximum
at g unless (Mn, g) is isometric to a (rescaled) round sphere.
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For the proof of Theorem 1.9 we combine the conformal variational formula for v(r)
(Theorem 8.1) with a well-known result of Obata [O62].
Let n ≥ 4 be even. Then the special case 2k = n−2 of Theorem 1.9 implies a
corresponding result for the total integral
∫
M
a(2,n−2)dv by using Theorem 1.8 and the
conformal invariance of
∫
M
vndv. On the other hand, the total integral of a(2,n−2) has
a local minimum at Einstein metrics g with scal(g) < 0. For the details and further
results in this direction we refer to Section 12.
For the readers convenience, we close this section with a review of the content of
the paper. In Section 2, we review the theory of building-block operators from [J13]
and [FG12]. Section 3 contains the proof of the basic conformal variational formula for
the trace of the heat kernel of H(r; g) (Theorem 1.2). In Section 4, we recall Gilkey’s
pseudo-differential algorithm which yields the asymptotic expansion of the trace of the
heat kernel. In Section 5, we describe the effect of isolating the contribution (1.24) on
the right-hand side of the variational formula in Theorem 1.2. Section 6 then contains
the heat equation proof of Theorem 1.3. The discussion of the sub-leading heat kernel
coefficient a2(r; g) starts in Section 7. Here we prove Theorem 1.5. In Section 8, we
determine a local conformal primitive of the correction term for a2(r; g) found in Theorem
1.5. We combine these results in Section 9 to complete the proof of Theorem 1.4.
Section 10 contains the details of the derivation of the closed formula for a2(r; g) given in
Theorem 1.8. In Section 11 we return to the discussion of the structure of the coefficients
a2k(r). Here the main idea is to regardH(r; g) as a Laplace-type operator with respect to
the metric g(r) and to combine this with structural results for Laplace-type operators.
This yields a proof of Theorem 1.7 and a second proof of Theorem 1.8. Section 12
is devoted to the study of extremal properties of various curvature integrals arising
from heat kernel coefficients. The first set of such integrals are defined by the Taylor
coefficients of a0(r). These are given by the renormalized volume coefficients v2k and
we review and reprove corresponding results of [CFG12]. The remainder of this section
contains a proof of Theorem 1.9. In Section 13, we collect various additional results
and indicate some open problems. In particular, in Section 13.2 we introduce the two-
parameter spectral zeta function (1.28) and prove the variational formula (1.29), and in
Section 13.3 we outline a heat equation proof of the conformal transformation rule of
the non-integrated renormalized volume coefficients. The final section of the paper is a
long appendix which contains background information and complementary material. In
particular, we display the first few terms in the expansion of the holographic Laplacian,
and discuss in detail the heat kernel coefficients a2, a4 and a6 of the conformal Laplacian.
In this connection, we give a new derivation of an explicit formula for a6 (for locally
conformally flat metrics) which does not depend on Gilkey’s formula for a6, and provide
a direct proof of the relation between the local conformal invariant a6 in dimension
n = 8 and the formal heat kernel coefficient a˜6 of the ambient Laplacian ∆˜. In addition,
we derive a Polyakov-type formula for the renormalized volume V(g+; g) of a Poincare´-
Einstein metric g+ (Theorem 14.1). For even dimensional conformal infinity, this result
expresses the behaviour of the renormalized volume under conformal changes of the
metric g in terms of a Q-curvature term and some holographic correction terms. The
formula is a consequence of the results in [GJ07] and [J11] and should be regarded as an
analog of Branson’s (conjectural) Polyakov-type formula for the determinant of P2 with
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an analogous main part in terms of the critical Q-curvature Qn. Finally, we determine
the coefficient a(4,2) of r
2 in the expansion of a4(r) in terms of Riemannian invariants of
g (Proposition 14.13). For conformally flat metrics, the results in Lemma 14.9, Lemma
11.2 and (10.20) actually allow to derive a formula for the full expansion of a4(r) in
terms of P (at least in principle). Moreover, we apply these results to the study of the
Hessian of the integral of a(4,2) in the critical dimension n = 6.
The present paper touches a large variety of topics like heat kernels, spectral theory,
conformal differential geometry, AdS/CFT duality. Each of these has its own huge
literature. We minimize the number of references by citing only items of immediate
relevance.
Some of the results of this paper were presented at the conference “The Interaction
of Geometry and Representation Theory” at ESI (Vienna) in 2012, during the program
“Conformal Geometry and Geometric PDE’s” at CRM (Barcelona) in 2013, at the Win-
ter School “Geometry and Physics” 2014 (Srni) and at the conference “Lorentzian and
Conformal Geometry” (Greifswald) in 2014. Finally, I am grateful to A. Tseytlin for
pointing out the reference [FT82].
2. GJMS-operators and the holographic Laplacian
In the present section, we describe the relation between the holographic Laplacian
H(r; g) and the GJMS-operators P2N(g). The following material is based on [J13] and
[FG12].
We start with the definition of the concepts involved. For a given Riemannian manifold
(M, g) of dimension n ≥ 3, a Poincare´-Einstein metric g+ in normal form relative to g
is a metric g+ on M × (0, ε) of the form
g+ = r
−2(dr2 + g(r))
with a smooth one-parameter family g(r) of metrics on M so that g(0) = g, and for
which Ric(g+) + ng+ vanishes on M in the following asymptotic sense. We require that
Ric(g+) + ng+ = O(r
∞) if n is odd and Ric(g+) + ng+ = O(r
n−2) and the tangential
trace of r2−n(Ric(g+) + ng+) vanishes at r = 0 if n is even.
The Poincare´-Einstein metric g+ associated to g is closely related to an ambient metric
associated to g. In normal form, this is the metric
g˜ = 2ρdt2 + 2tdtdρ+ t2g(ρ)
on R+ ×M × (−ε, ε) with g(−r
2/2) = g(r).
As explained in Section 1, g(r) has a uniquely determined formal even power series
for odd n and a uniquely determined even power series up to rn−2 for even n. In the
latter case, also the trace of the coefficient of rn is determined by g. For general metrics,
the Taylor series of g(r) starts with
g(r) = g − r2P+ r4/4(P2 − B/(n−4)) + · · · , (2.1)
where B is the Bach tensor of g (Chapter 3 of [FG12] or Section 6.9 of [J09a]). This
formula also shows that in dimension 4 the obstruction tensor is given by B.
For some exceptional classes of metrics g, there are closed formulas for g(r). For
instance, for a locally conformally flat metric g, we have
g(r) = g − r2P+ r4/4P2.
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The same formula holds true for an Einstein metric g. In that case, it further simplifies
to
g(r) = (1−λr2)2g, λ =
scal(g)
4n(n−1)
.
For the corresponding details we refer to Chapter 7 of [FG12] or Section 6.14 and Section
6.16 in [J09a]. Now we define
v(ρ) =
√
det g(ρ)/
√
det g(0) and v(r) =
√
det g(r)/
√
det g(0).
Then v(−r2/2) = v(r). The power series coefficients v2k of v(r) are the renormalized
volume (or holographic) coefficients [G00]. We also set
w(ρ) =
√
v(ρ) and w(r) =
√
v(r).
Let w2k be the power series coefficients of w(r).
The original definition of the GJMS-operators P2N [GJMS92] defines these operators
through the composition
P2N(u) = ∆˜
N(tN−
n
2 u˜)|ρ=0,t=1, u ∈ C
∞(M). (2.2)
Here ∆˜ denotes the Laplace-Beltrami operator of the ambient metric g˜ and u˜ ∈ C∞(M×
(−ε, ε)) is an arbitrary extension of u: u˜(x, 0) = u(x). That construction is well-defined
(for general metrics) under the assumption 2N ≤ n/2 for even n and N ≥ 1 for odd
n. Moreover, it is well-defined for all N ≥ 1 for locally conformally flat metrics and
conformally Einstein metrics in all dimensions n ≥ 3.
Next, we recall the definition of the building-block operatorsM2N in terms of GJMS-
operators.
For this purpose, we shall use the following combinatorial conventions. A sequence
I = (I1, . . . , Ir) of natural numbers Ij ≥ 1 will be regarded as a composition of the
natural number |I| = I1 + I2 + · · · + Ir. In other words, compositions are partitions
in which the order of the summands is considered. |I| is called the size of I. To any
composition I = (I1, . . . , Ir), we associate the multiplicities
mI = −(−1)
r|I|! (|I|−1)!
r∏
j=1
1
Ij! (Ij−1)!
r−1∏
j=1
1
Ij+Ij+1
(2.3)
and
nI =
r∏
j=1
(∑
k≤j Ik − 1
Ij − 1
)(∑
k≥j Ik − 1
Ij − 1
)
.
Note that m(N) = n(N) = 1 for all N ≥ 1 and n(1,...,1) = 1.
Now, for any composition I = (I1, . . . , Ir), we set P2I
def
= P2I1 ◦ · · · ◦ P2Ir . Then we
define
M2N
def
=
∑
|I|=N
mIP2I = P2N + compositions of lower-order GJMS-operators. (2.4)
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Note that M2 = P2. By an inversion formula (Theorem 2.1 in [J13]), these definitions
are equivalent to the basic representation formulas
P2N =
∑
|I|=N
nIM2I =M
N
2 + compositions of < N building-block operators (2.5)
for GJMS-operators in terms of building-block operators. Here we use the convention
M2I
def
= M2I1 ◦ · · · ◦M2Ir . In these constructions, the integer N is subject to the usual
condition 2N ≤ n for even n.
The following result provides a formula for the building-block operators.
Theorem 2.1 ([J13]). The generating function
∑
N≥1
M2N (g)
1
(N−1)!2
(
r2
4
)N−1
(2.6)
of the building-block operators coincides with the operator H(r; g).
The relation (2.6) is to be interpreted as an equality of formal power series (up to
rn−2 for even n). Theorem 2.1 and (2.4) show that, by comparing coefficients of power
series in the equality of (2.6) and H(r; g), one obtains formulas for all GJMS-operators
P2N in terms of the Taylor coefficients of g(r) and v(r).
The proof of Theorem 2.1 in [J13] rests on the theory of residue families (as introduced
in [J09a]).
In [FG12], Fefferman and Graham gave an alternative proof of these formulas for the
operators P2N . The idea of that proof is the following. Instead of appealing to the
inversion formula of [J13], define the operators M2N(g) by the identity
H(r; g) =
∑
N≥1
M2N(g)
1
(N−1)!2
(
r2
4
)N−1
(with H(r; g) given by (1.7) and (1.8)). The starting point of the proof is a formula
which relates a conjugate of the Laplacian of the ambient metric of g to H(r; g). In fact,
let
∆˜
w
def
= w ◦ ∆˜ ◦w−1.
Then a calculation shows that, for any λ ∈ R,
∆˜
w
(tλu˜) = tλ−2
(
−2ρ(∂/∂ρ)2 + (2λ+n−2)∂/∂ρ+ H˜(ρ)
)
u˜, (2.7)
where H˜(−r2/2) = H(r). Now the defining equation (2.2) is easily seen to be equivalent
to
P2N(u) = ∆˜
N
w
(tN−
n
2 u˜)|ρ=0,t=1. (2.8)
The evaluation of (2.8) then yields a formula for P2N in terms of the power series
coefficients of H˜(ρ), and it turns out that the results of both methods coincide.
Note that there is an analog of the conjugation formula (2.7) for the Laplacian of the
Poincare´-Einstein metric.
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Proposition 2.1. For u ∈ C∞(M × (0, ε)), we have
w∆g+(w
−1u) = r2
∂2u
∂r2
− (n−1)r
∂u
∂r
+ r2H(r; g)u. (2.9)
The relation (2.9) shows that the holographic Laplacian H(r; g) is given by the tan-
gential part of the conjugation of the Laplacian ∆g+ by w(r).
An important effect of the conjugation by w (in (2.7)) and w (in (2.9)) is that the
coefficients of the respective first-order partial derivative with respect to ρ and r are
constant on M .11
Finally, we briefly discuss Branson’s Q-curvatures [B95]. First of all, we recall that
the Q-curvatures arise through the zeroth order terms of the GJMS-operators. More
precisely, for even n and 2N < n, the local Riemannian invariant Q2N is defined by
P2N(1) =
(n
2
−N
)
(−1)NQ2N .
Similarly, Q2N is defined for odd n and all N ≥ 1. In even dimension n, the critical
Q-curvature Qn is defined by an argument of analytic continuation in n. The functional
g 7→ Q2N (g) is a local Riemannian invariant of weight 2N . Q-curvatures (of low-order)
play an important role in geometric analysis. Among the important properties of Q-
curvature, we emphasize that, in even dimension n, the critical Q-curvature Qn satisfies
the conformal transformation law
enϕQn(e
2ϕg) = Qn(g) + (−1)
n
2Pn(g)(ϕ).
It is this result which implies that the total integral of Qn on closed manifolds is a global
conformal invariant. Note that the first two Q-curvatures (in general dimension) are
given by Q2 = J and Q4 =
n
2
J
2 − 2|P|2 −∆J (see (1.6)). For N ≥ 3, Q2N is much more
complicated, and the following recent result on its recursive structure [J14] may be used
to derive explicit formulas in terms of g. For N ≥ 1 and 2N ≤ n (if n is even), we have
(−1)NQ2N = −
∑
|I|+a=N,a<N
m(I,a)(−1)
aP2I(Q2a) +N !(N−1)!2
2Nw2N (2.10)
where for any composition I = (I1, . . . , Ir) and a ∈ N, the notation (I, a) means the
composition (I1, . . . , Ir, a). An alternative proof of this formula was given in [FG12].
We recall that the contributions w2N are the power series coefficients of the square-root
w(r) of v(r). For more details on Q-curvatures we refer to [J09a], [GJ07] and [J11].
3. Conformal variation
In the present section we prove Theorem 1.1 and Theorem 1.2. The proof of Theorem
1.1 rests on the identification ofH(r; g) with the generating function (2.6) (Theorem 2.1)
and a formula for the conformal variation of the building-block operatorsM2N found in
[J09b]. We first recall the formulation and the proof of that result.
For N ≥ 2, the operatorsM2N are not conformally covariant. However, the conformal
variation of any building-block operator M2N is given by an expression in terms of
respective lower-order building-block operators.
11The role of the square-root of v(r) resembles the role of the square-root of the determinant j(x) of
the Jacobian of the exponential map in the theory of the heat equation (see Chapter 2 of [BGV92]).
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Theorem 3.1. Let N ≥ 1 for n odd and 2N ≤ n for n even. Then, for all metrics and
all ϕ ∈ C∞(M),12
(d/dt)|t=0
(
e(
n
2
+N)tϕM2N (e
2tϕg)e−(
n
2
−N)tϕ
)
= −
N−1∑
j=1
(
N−1
j−1
)2
(N−j) [M2j(g), [M2N−2j(g), ϕ]] . (3.1)
Proof. The assertion follows from the conformal covariance
e(
n
2
+N)ϕ ◦ P2N(e
2ϕg) = P2N(g) ◦ e
(n
2
−N)ϕ (3.2)
of the GJMS-operators. The right-hand side of (3.1) is a weighted sum of terms of the
form
M2j ◦M2N−2j ◦ ϕ−M2j ◦ ϕ ◦M2N−2j −M2N−2j ◦ ϕ ◦M2j + ϕ ◦M2N−2j ◦M2j .
By (2.4), on the left-hand side of (3.1) the term P2I with I = (I1, I2, . . . , Ir) contributes
a constant multiple of
(N−I1)ϕ ◦ P2I − (I1+I2)P2I1 ◦ ϕ ◦ P2I2 · · ·P2Ir
− · · · − (Ir−1+Ir)P2I1 · · ·P2Ir−1 ◦ ϕ ◦ P2Ir + (N−Ir)P2I ◦ ϕ. (3.3)
For the term P2I ◦ ϕ, the claim is
− (N−Ir)mI =
(
N−1
I1−1
)2
(N−I1) m(I1)m(I2,...,Ir)
+
(
N−1
I1+I2−1
)2
(N−I1−I2) m(I1,I2)m(I3,...,Ir)
+ · · ·+
(
N−1
I1+I2+ · · ·+Ir−1−1
)2
(N−I1−I2 − · · · − Ir−1) m(I1,I2,...,Ir−1)m(Ir). (3.4)
In order to prove this identity, we use the explicit formula for the coefficients mI (see
(2.3)) to write the terms in the sum as multiples of mI . We find
−
1
N
[
I1(I1 + I2) + (I1 + I2)(I2 + I3) + (I1 + I2 + I3)(I3 + I4)
+ · · ·+ (I1 + I2 + · · ·+ Ir−1)(Ir−1 + Ir)
]
mI . (3.5)
Now the relation
I1(I1 + I2) + · · ·+ (I1 + I2 + · · ·+ Ir−1)(Ir−1 + Ir) = (I1 + · · ·+ Ir)(I1 + · · ·+ Ir−1)
(which easily follows by induction) implies that in (3.5) the sum in brackets equals
N(N − Ir) if |I| = N . Thus, (3.5) equals −(N − Ir)mI . This proves the assertion.
Next, for the term ϕ ◦ P2I with |I| = N , the claim is
− (N−I1)mI =
(
N−1
I2+ · · ·+Ir−1
)2
(N−I2− · · · − Ir) m(I1)m(I2,I2,...,Ir)
12For N = 1, the right-hand side of (3.1) is defined to be 0.
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+ · · ·+
(
N−1
Ir−1
)2
(N−Ir) m(I1,...,Ir−1)m(Ir).
This identity follows by applying (3.4) to the inverse composition I−1 of I and using the
relations mI−1 = mI for all compositions I.
It remains to prove the corresponding identities for the coefficients of the terms
P2I1 · · ·P2Ia ◦ ϕ ◦ P2Ia+1 . . . P2Ir .
In that case, the claim is
− (Ia + Ia+1)mI =
[( N−1
I1+ · · ·+Ia−1
)2
(N−I1− · · · − Ia)
+
(
N−1
Ia+1+ · · ·+Ir−1
)2
(N−Ia+1− · · · − Ir)
]
m(I1,...,Ia)m(Ia+1,...,Ir).
By (2.3), the right-hand side reduces to
−
1
N
(Ia + Ia+1)[(I1 + · · ·+ Ia) + (N − I1 − · · · − Ia)]mI ,
i.e., to −(Ia + Ia+1))mI . This completes the proof. 
For locally conformally flat metrics, Theorem 3.1 extends to even n and all N ≥ 1.
We continue with the proof of Theorem 1.1.
We rewrite (3.1) as
(d/dt)|t=0
(
e(
n
2
+N)tϕM˜2N(e
2tϕg)e−(
n
2
−N)tϕ
)
= −
N−1∑
a=1
1
a
[
M˜2N−2a(g), [M˜2a(g), ϕ]
]
(3.6)
with
M˜2N
def
=
M2N
(N−1)!2
.
We recall that for N = 1 the sum on the right-hand side of (3.6) is to be understood as
0 (by definition). Now we combine the relation
(d/dt)|t=0
(
e(
n
2
+1)tϕH(r; e2tϕg)e−(
n
2
−1)tϕ
)
= (d/dt)|t=0
(∑
N≥1
e−(N−1)tϕ
(
e(
n
2
+N)tϕM˜2N(e
2tϕg)e−(
n
2
−N)tϕ
)
e−(N−1)tϕ
(
r2
4
)N−1)
with (3.6) and find
(d/dt)|t=0
(
e(
n
2
+1)tϕH(r; e2tϕg)e−(
n
2
−1)tϕ
)
=
∑
N≥1
(
−(N−1)ϕM˜2N(g)− (N−1)M˜2N(g)ϕ
)(r2
4
)N−1
−
∑
N≥1
(
N−1∑
a=1
1
a
[
M˜2N−2a(g), [M˜2a(g), ϕ]
])(r2
4
)N−1
. (3.7)
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But the sums on the right-hand side of (3.7) can be rewritten as
−
1
2
r(∂/∂r)(ϕH(r; g) +H(r; g)ϕ)− [H(r; g), [K(r; g), ϕ]]
with
K(r; g) =
∑
N≥1
M˜2N(g)
1
N
(
r2
4
)N
=
∑
N≥1
M2N(g)
1
N !(N−1)!
(
r2
4
)N
.
This completes the proof of Theorem 1.1. 
We recall that, for even n, Theorem 1.1 asserts the equality of two power series in r
up to rn−2. This interpretation also applies to the above arguments.
The above proof shows that the first term on the right-hand side of (1.13) is caused
by the differences of the conformal weights in the respective variational formulas of the
operators M2N and H(r).
We finish the discussion of Theorem 1.1 with an independent proof in the special
case of conformal changes of the round metric on the spheres Sn which arise from the
conformal action of the group G = SO(1, n+1). We recall that G acts on the round
metric g0 by conformal diffeomorphisms, i.e., we have
γ∗(g0) = e
2ϕγg0 (3.8)
for all γ ∈ G and certain functions ϕγ ∈ C
∞(M). In particular, we obtain γ∗(dv) =
enϕγdv for the volume form dv of the round metric. For any λ ∈ C, the map
piλ : γ 7→
(
γ∗(dv)
dv
)λ
n
γ∗(u) = e
λϕγγ∗(u)
defines a principal series representation of G on C∞(Sn). Using
P2(e
2ϕγg0) = P2(γ∗(g0)) = γ∗P2(g0)γ
∗,
the conformal covariance
e(
n
2
+1)ϕ ◦ P2(e
2ϕg) = P2(g) ◦ e
(n
2
−1)ϕ, ϕ ∈ C∞(Mn)
of the conformal Laplacian P2 implies the intertwining relation
pin
2
+1(γ) ◦ P2(g0) = P2(g0) ◦ pin
2
−1(γ), γ ∈ G (3.9)
for P2(g0) on S
n. For more details see [J09a]. We also recall that
H(r; g0) = (1−r
2/4)−2P2(g0) (3.10)
(see [J13]). Now let γt ∈ G be a one-parameter family with γ0 = e and let e
2ϕt be the
corresponding conformal factor. By (3.9), the variation
(d/dt)|t=0(pin
2
+1(γt)P2(g0)pin
2
−1(γ
−1
t ))
vanishes. Hence, using (3.10), we obtain
(d/dt)|0(e
(n
2
+1)tψH(r; e2tψg0)e
−(n
2
−1)tψ)
= (d/dt)|0(e
(n
2
+1)ϕt(γt)∗H(r; g0)γ
∗
t e
−(n
2
−1)ϕt)
= (1−r2/4)−2(d/dt)|0(e
(n
2
+1)ϕt(γt)∗P2(g0)γ
∗
t e
−(n
2
−1)ϕt)
= (1−r2/4)−2(d/dt)|0(pin
2
+1(γt)P2(g0)pin
2
−1(γ
−1
t ))
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= 0
for ψ = (d/dt)|t=0(ϕt). Therefore, Theorem 1.1 states that the sum
−
1
2
(r∂/∂r)((1−r2/4)−2)(ψP2(g0) + P2(g0)ψ)
− (1−r2/4)−2
∫ r
0
s(1−s2/4)−2ds [P2(g0), [P2(g0), ψ]]
vanishes, too. A calculation shows that the latter sum coincides with the product of
−
r2
4
(1−r2/4)−3
and the operator
2(ψP2(g0) + P2(g0)ψ) + [P2(g0), [P2(g0), ψ]]. (3.11)
In order to verify the vanishing of (3.11), we note that the operator M4 = P4 − P
2
2
satisfies the conformal variational formula
(d/dt)|t=0(e
(n
2
+1)tϕM4(e
2tϕg)e−(
n
2
−1)tϕ) = −(ϕM4(g) +M4(g)ϕ)− [P2(g), [P2(g), ϕ]]
for all metrics g and all ϕ ∈ C∞(M).13 We consider this relation for the round sphere
and conformal changes which are induced by the action of one-parameter groups γt ∈ G
with γ0 = e. Using M4(g0) = 2P2(g0),
14 we find
0 = −2(ψP2(g0) + P2(g0)ψ)− [P2(g0), [P2(g0), ψ]].
This proves the vanishing of (3.11) and henceforth confirms Theorem 1.1 in this special
case.15
Now we are ready to complete the proof of Theorem 1.2. A generalization of a
formula of Ray and Singer (see Proposition 3.5 in [BO86] or Corollary 2.50 in [BGV92])
shows that
(∂/∂ε)|ε=0(Tr(exp(tH(r; e
2εϕg)))) = tTr((∂/∂ε)|ε=0(H(r; e
2εϕg)) exp(tH(r; g))).
Now Theorem 1.1 implies that
(∂/∂ε)|ε=0
(
H(r; e2εϕg)
)
+
(n
2
+1
)
ϕH(r; g)−
(n
2
−1
)
H(r; g)ϕ
= −r
1
2
(ϕH˙(r; g) + H˙(r; g)ϕ)− [H(r; g), [K(r; g), ϕ]]. (3.12)
Hence we obtain
(∂/∂ε)|ε=0(Tr(exp(tH(r; e
2εϕg))))
= tTr
([
−2ϕH(r; g)− r
1
2
(ϕH˙(r; g) + H˙(r; g)ϕ)
]
etH(r;g)
)
+ tTr
([(n
2
−1
)
[H(r; g), ϕ]− [H(r; g), [K(r; g), ϕ]]
]
etH(r;g)
)
. (3.13)
13This is a consequence of the special case N = 2 of Theorem 3.1.
14This formula for M4(g0) is a consequence of the product formula P4(g0) = P2(g0)(P2(g0)+2).
15A more direct proof of the vanishing of (3.11) follows from the fact that ψ is an eigenfunction of
∆ for the smallest non-zero eigenvalue: ∆ψ = −nψ and the relation nHess(ψ) = g∆ψ [O62].
26 ANDREAS JUHL
By the cyclicity of the trace, the terms which involve the commutators with H(r; g)
vanish. Therefore, the right-hand side of (3.13) simplifies to
− 2tTr(ϕH(r; g)etH(r;g))− rt
1
2
Tr((ϕH˙(r; g) + H˙(r; g)ϕ)etH(r;g))
= −2t(∂/∂t)(Tr(ϕetH(r;g)))− rt
1
2
Tr((ϕH˙(r; g) + H˙(r; g)ϕ)etH(r;g)).
This completes the proof. 
Remark 3.1. For even n, the arguments of the above proof are to be interpreted in
the following sense. In this case, Theorem 1.1 yields an equality of power series up to
rn−2. It implies the equality of the corresponding finite Taylor series of both sides of
(3.12). In turn, this shows the equality of the finite Taylor expansions up to rn−2 of
both sides of (3.13). The latter argument rests on the repeated application of the obvious
identity TN(p ◦ q) = TN(TN (p) ◦ q) for the finite Taylor series TN(·) up to r
N of smooth
one-parameter families of operators.
The operator H(r; g) is defined through a Poincare´-Einstein metric g+ associated to
g. The Poincare´-Einstein metrics g+ and gˆ+ of the conformally equivalent metrics g and
gˆ = e2ϕg are related by
gˆ+ = κ
∗(g+)
with a diffeomorphism κ of a neighbourhood [0, ε) × M of M which restricts to the
identity for r = 0. It follows that the left-hand side of (1.14) can be expressed in terms
of g+ and κ. However, from that perspective, it is surprising that this yields a result as
stated in Theorem 1.2.
4. Asymptotic expansions
For small r, the operator H(r) is a self-adjoint elliptic differential operator. By the
compactness of M , it has a discrete spectrum consisting of real eigenvalues λk of finite
multiplicity. Moreover, we find a constant ε > 0 so that for r ∈ [−ε, ε], the spectrum of
−H(r) is uniformly bounded below by a constant L. We choose some open cone C ⊂ C
of small slope about the ray
{x ∈ R | x ≥ min(L, 0)}.
The cone C contains the spectrum of −H(r) for |r| ≤ ε. Let Γ be the boundary of C
and Ω its complement. We orient Γ so that the spectrum of −H(r) is on the right-hand
side.
The analytic arguments rest on a theory of pseudo-differential operators depending
on parameters.
Definition 4.1. For m ∈ R, we let Sm(U) be the space of symbols pm(x, ξ, λ; r) with
(x, ξ) ∈ T ∗(U), U ⊂ Rn open, λ ∈ Ω and r ∈ [−ε, ε] depending on the parameters λ and
r so that
(i) pm(x, ξ, λ; r) is smooth in the variables (x, ξ, r),
(ii) pm(x, ξ, λ; r) is holomorphic in λ ∈ Ω,
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(iii) for all multi-indices α, β and γ, δ, there is a constant cα,β,γ,δ so that
|∂αx∂
β
ξ ∂
γ
λ∂
δ
rpm(x, ξ, λ; r)| ≤ cα,β,γ,δ(1 + |ξ|
2 + |λ|)
m−|β|
2
−γ.
We call a symbol pm ∈ S
m homogeneous of order m ∈ R if
pm(x, sξ, s
2λ; r) = smpm(x, ξ, λ; r), s ≥ 1.
Lemma 4.1. If pm ∈ S
m is homogeneous of order m, then∫
Rn
∫
Γ
pm(x, ξ, λ; r)e
−tλdλdξ = t−
n+m
2
−1
∫
Rn
∫
Γ
pm(x, ξ, λ; r)e
−λdλdξ (4.1)
for small t.
Proof. For 0 < t < 1, the curve t−1Γ is contained in the complement of the cone C. By
Cauchy’s theorem, the integral on the left-hand side of (4.1) equals∫
Rn
∫
t−1Γ
pm(x, ξ, λ; r)e
−tλdλdξ.
Now we replace ξ by t−1/2ξ and λ by t−1λ. Then the integral equals
t−
n
2
−1
∫
Rn
∫
Γ
pm(x, t
−1/2ξ, t−1λ; r)e−λdλdξ.
Therefore, the assertion follows from the homogeneity
pm(x, sξ, s
2λ; r) = smpm(x, ξ, λ; r), s ≥ 1.
The proof is complete. 
Note that for m = −4, the exponent of t on the right-hand side of (4.1) is −n
2
+ 1.
That case will be relevant in Section 5.
Now Theorem 3.3 of [BO86] implies
Theorem 4.1. Let K(x, y, t; r) be the kernel of etH(r), i.e.,
etH(r)(u)(x) =
∫
M
K(x, y, t; r)u(y)dv, u ∈ C∞(M).
Then K(x, x, t; r) has an asymptotic expansion
K(x, x, t; r) ∼ (4pit)−
n
2
∑
j≥0
tja2j(x; r), t→ 0 (4.2)
with a2j(x; r) ∈ C
∞(M × (−ε, ε)). In particular,
Tr(etH(r)) ∼ (4pit)−
n
2
∑
j≥0
tj
∫
M
a2j(x; r)dv, (4.3)
where the trace is taken in L2(M, g). The coefficients a2j(x; r) are polynomials in the
jets of the symbol of H(r; g). Moreover, the left-hand side of (4.3) is smooth in r and
its asymptotic expansion can be differentiated with respect to r term by term.
In order to simplify the notation, we suppressed the dependence of K(x, y, t; r) and
a2j(x; r) on the metric. We shall use this convention throughout.
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Proof. It suffices to apply the general results of [BO86]. For more details we refer to
[BO86]. The proof of Theorem 3.3 in [BO86] is a refined version of Gilkey’s proof in
[G84] which establishes the uniformity of the arguments in an external parameter. Here
we only recall the main ideas and the resulting algorithm for the calculation of the heat
kernel coefficients. The operator etH(r) is an operator with smooth kernel. One can
approximate that kernel arbitrarily well by the smooth kernel of a pseudo-differential
operator so that the asymptotic expansions of the restriction of both kernels to the
diagonal have the same coefficients. We choose local coordinates and write the symbol
of the operator −H(r) as
σ(−H(r)) = p2(r) + p1(r) + p0(r)
with homogeneous pj(r). Then we define
r−2(x, ξ, λ; r) = (p2(x, ξ; r)− λ)
−1 = (H(r)(x, ξ)− λ)−1
and
r−2−j = −r−2

 ∑
a>−2−j
a+b−|α|=−j
1
α!
∂αξ (pb)D
α
x (ra)


for j ≥ 1. Here Dx = i
−1∂x. Then r−2−j ∈ S
−2−j is homogeneous of order −2 − j. The
definitions have the consequence that the pseudo-differential operator RN(λ; r) with
symbol r−2(λ; r) + · · ·+ r−2−N(λ; r) satisfies
σ((−H(r)− λ)RN (λ; r)− 1) ∈ S
−N−1.
The operators RN(λ; r) serve as approximations of the resolvent R(λ; r) of −H(r). The
operators
EN(t; r) =
1
2pii
∫
Γ
RN (λ; r)e
−λtdλ
have smooth kernels KN (x, y, t; r) in the sense that
EN(t; r)(u)(x) =
∫
KN(x, y, t; r)u(y)dy
and their restriction to the diagonal are given by
KN(x, x, t; r) = (2pi)
−n 1
2pii
∫
Rn
∫
Γ
(r−2 + · · ·+ r−2−N)(x, ξ, λ; r)e
−λtdλdξ.
Lemma 4.1 shows that
KN(x, x, t; r) =
N∑
j=0
t−
n−j
2 aj(x; r)
√
det g
with
aj(x; r)
√
det g = (2pi)−n
1
2pii
∫
Rn
∫
Γ
r−2−j(x, ξ, λ; r)e
−λdλdξ. (4.4)
For odd j, the integrals in (4.4) vanish. This implies the existence of the desired asymp-
totic expansion. 
The latter proof also yields an algorithm for the calculation of the heat kernel coeffi-
cients.
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Corollary 4.1. The coefficients a2j(x; r) in (4.3) are given by the formula
pi
n
2 a2j(x; r)
√
det g =
1
2pii
∫
Rn
∫
Γ
r−2−2j(x, ξ, λ; r)e
−λdλdξ. (4.5)
Now the power series expansions
a2j(x; r) ∼
∑
k≥0
a(2j,2k)r
2k
define scalar Riemannian invariants a(2j,2k) ∈ C
∞(M).
Finally, we note that an easy calculation in polar coordinates for Rn shows that (4.5)
can be rewritten in the form
pi
n
2 a2j(x; r)
√
det g =
1
2pii
∫
Sn−1
∫ ∞
0
tn−1−2j
(∫
Γ
r−2−2j(x, ξ, t
−2λ; r)e−λdλ
)
dtdσ(ξ)
=
1
2pii
Γ
(n
2
−j
) 1
2
∫
Sn−1
(∫
Γ
r−2−2j(x, ξ, λ; r)λ
j−n
2 dλ
)
dσ(ξ)
= Γ
(n
2
−j
) 1
2
∫
Sn−1
r
(2j)
−n (x, ξ; r)dσ(ξ),
where
r
(2j)
−n (x, ξ; r)
def
=
1
2pii
∫
Γ
r−2−2j(x, ξ, λ; r)λ
j−n
2 dλ
is homogeneous of order −n in ξ. These formulas are equivalent to the formulas for the
residues of the spectral zeta-function at s = n
2
− j (see [S01], Theorem 13.1).
5. The double-commutator term
In the present section, we discuss the influence of the term
−rt
1
2
Tr
(
(ϕH˙(r) + H˙(r)ϕ)etH(r)
)
(5.1)
in (1.14) on the leading and sub-leading heat kernel coefficients of H(r). By the cyclicity
of the trace, the term (5.1) equals
−rt
1
2
Tr
(
ϕ(H˙(r)etH(r) + etH(r)H˙(r))
)
. (5.2)
The further evaluation of this terms rest on the following result. Let R(r;λ) be the
resolvent of −H(r).16
Lemma 5.1. We have
(∂/∂r)(etH(r))− t
1
2
(
H˙(r)etH(r) + etH(r)H˙(r)
)
= −
1
2
1
2pii
∫
Γ
[R(λ), [R(λ), H˙(r)]]e−tλdλ. (5.3)
16In the following, we shall suppress the dependence of the resolvent on r.
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Proof. Differentiating the relation
(−H(r)−λ) ◦ R(λ) = 1
with respect to r, yields
−H˙(r) ◦ R(λ) + (−H(r)−λ) ◦ R˙(λ) = 0,
i.e.,
R˙(λ) = R(λ) ◦ H˙(r) ◦ R(λ).
Hence the definition
etH(r) =
1
2pii
∫
Γ
e−tλR(λ)dλ
implies
(∂/∂r)(etH(r)) =
1
2pii
∫
Γ
e−tλ(∂/∂r)(R(λ))dλ =
1
2pii
∫
Γ
e−tλR(λ)H˙(r)R(λ)dλ.
On the other hand, by partial integration, we find that
t
(
H˙(r)etH(r) + etH(r)H˙(r)
)
equals
−
1
2pii
∫
Γ
(∂/∂λ)(e−tλ)(H˙(r)R(λ) +R(λ)H˙(r))dλ
=
1
2pii
∫
Γ
e−tλ
(
H˙(r)∂R(λ)/∂λ + ∂R(λ)/∂λH˙(r)
)
dλ
=
1
2pii
∫
Γ
e−tλ(H˙(r)R2(λ) +R2(λ)H˙(r))dλ.
Thus, the left-hand side of (5.3) equals
1
2pii
∫
Γ
e−tλ
(
R(λ)H˙(r)R(λ)−
1
2
(
H˙(r)R2(λ) +R2(λ)H˙(r)
))
dλ
= −
1
2
1
2pii
∫
Γ
e−tλ[R(λ), [R(λ), H˙(r)]]dλ.
The proof is complete. 
Lemma 5.1 is an identity of operators with smooth kernels. By taking traces, it implies
the relation
− t
1
2
Tr
(
ϕ(H˙(r)etH(r) + etH(r)H˙(r))
)
= −(∂/∂r)(Tr(ϕetH(r)))−
1
2
Tr(ϕC (t; r)), (5.4)
where
C (t; r) =
1
2pii
∫
Γ
[R(λ), [R(λ), H˙(r)]]e−tλdλ. (5.5)
C (t; r) is an operator with smooth kernel. Let C (x, y, t; r) be its kernel. Note that (5.4)
for ϕ = 1 and the cyclicity of the trace show that∫
M
C (x, x, t; r)dvg = 0,
i.e., the function x 7→ C (x, x, t; r) is a total divergence (see also Remark 5.1).
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Now we combine the variational formula in Theorem 1.2 with (5.4) and find
(Tr(exp(tH(r; g))))•[ϕ] = −2t(∂/∂t)(Tr(ϕetH(r;g)))
− r(∂/∂r)(Tr(ϕetH(r;g)))− r
1
2
∫
M
ϕ(x)C (x, x, t; r)dvg.
By comparing coefficients in the small t expansion, we obtain the conformal variational
formulas(∫
M
a2j(x; r)dv
)•
[ϕ] = (n−2j−r∂/∂r)
∫
M
ϕa2j(x; r)dv − r
1
2
∫
M
ϕc2j(x; r)dv, (5.6)
where
C (x, x, t; r) ∼ (4pit)−
n
2
∑
j≥1
tjc2j(x; r), t→ 0 (5.7)
is the asymptotic expansion of the restriction of the kernel C to the diagonal. By the
above arguments, the functions c2j(x; r) are total divergencies onM . Thus, by expansion
in r, we have proved the following result. Let
c2j(r) ∼
∑
k≥1
c(2j,2k)r
2k−1, c(2j,2k) ∈ C
∞(M). (5.8)
Proposition 5.1. For closed manifolds M of even dimension n and j = 0, . . . , n/2, the
conformal variation (∫
M
a(2j,n−2j)dv
)•
[ϕ]
vanishes at g iff c(2j,n−2j) = 0 at g.
Since C vanishes for Einstein metrics, the latter result proves the second part of
Proposition 1.1.
Moreover, a further set of metrics with vanishing C is provided by metrics of the form
g = g1 + g2 on product spaces M
p
1 ×M
q
2 with Einstein metrics gi on the factors so that
scal(g1)
p(p−1)
= −
scal(g2)
q(q−1)
.
In fact, the latter vanishing result is a consequence of (14.52).
We also emphasize that the expansion (5.7) does not contain a contribution by t−
n
2 .
In order to prove the claim, we approximate the resolvent R(λ) by a pseudo-differential
operator (as in Section 4). The coefficients of the expansion are given in terms of
the symbol of the resulting pseudo-differential integrand. Since the double-commutator
integrand yields a pseudo-differential operator of order −4, the vanishing of c0 follows
from Lemma 4.1.
The proof of Theorem 1.4 requires to find the divergence term c2(x; r). It is given in
terms of the principal symbol of the (approximation of the) double-commutator
[R(λ), [R(λ), H˙(r)]]. (5.9)
More precisely, we have
c2(x; r) = pi
−n
2
1
2pii
∫
Rn
(∫
Γ
σ−4([R(λ), [R(λ), H˙(r)]])(x, ξ)e
−λdλ
)
dξ/
√
det g. (5.10)
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Here we abuse notation by identifying the resolvent with its pseudo-differential approx-
imations.
Now we recall (see [G84] or [S01]) that the principal symbol of the commutator [A,B]
of two classical pseudo-differential operators A and B with respective principal symbols
σA and σB is given by
i {σA, σB} .
Here for f, g ∈ C∞(T ∗M), their Poisson bracket {f, g} is given in local coordinates by
{f, g} =
∑
i
∂f
∂xi
∂g
∂ξi
−
∂f
∂ξi
∂g
∂xi
. (5.11)
It follows that the principal symbol of the double-commutator (5.9) is given by the
negative of the double Poisson bracket of the principal symbols of the operators involved.
For its calculation we apply the following result.
Lemma 5.2. For functions G,H ∈ C∞(T ∗M) so that G does not vanish on T ∗M , we
have
{1/G, {1/G,H}} = G−4 {G, {G,H}} .
Proof. The result follows by direct calculation. For homogeneous polynomials G and H
as in the assertion, the identity follows by comparing principal symbols in the operator
identity [
P−1,
[
P−1, Q
]]
= P−2[P, [P,Q]]P−2
for pseudo-differential operators P and Q with the respective principal symbols H and
G. 
Remark 5.1. The operator-argument in the proof of Lemma 5.2 also yields a quick
alternative proof of the fact that
TrC (t; r) = 0.
Indeed, the relation
[R(λ), [R(λ), H˙]] = R(λ)2[−H−λ, [−H−λ, H˙]]R(λ)2 = R(λ)2[H, [H, H˙]]R(λ)2
implies
TrC (t; r) =
1
2pii
Tr
(∫
Γ
R(λ)4[H, [H, H˙]]e−tλdλ
)
.
By Cauchy’s theorem, this integral is a multiple of
Tr
(
[H, [H, H˙]]etH
)
= 0.
Now we apply Lemma 5.2 to the symbols G = H(r)(x, ξ)− λ and H = H˙(r)(x, ξ).
The principal symbol of the operator [R(λ), [R(λ), H˙(r)]] is given by the double Pois-
son bracket
{(H(r)(x, ξ)− λ)−1, {(H(r)(x, ξ)− λ)−1, H˙(r)(x, ξ)}};
recall that the operator −H(r) has principal symbol H(r)(x, ξ). Lemma 5.2 shows that
this function equals
(H(r)(x, ξ)−λ)−4{H(r)(x, ξ)−λ, {H(r)(x, ξ)−λ, H˙(r)(x, ξ)}}
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= (H(r)(x, ξ)−λ)−4{H(r)(x, ξ), {H(r)(x, ξ), H˙(r)(x, ξ)}}.
Hence
c2(x) = pi
−n
2
1
2pii
∫
Rn
(∫
Γ
{H(r)(x, ξ), {H(r)(x, ξ), H˙(r)(x, ξ)}}
(H(r)(x, ξ)−λ)4
e−λdλ
)
dξ/
√
det g.
By Cauchy’s formula, the latter equation is equivalent to
c2(x)
√
det g = pi−
n
2
1
3!
∫
Rn
{H(r)(x, ξ), {H(r)(x, ξ), H˙(r)(x, ξ)}}e−H(r)(x,ξ)dξ. (5.12)
The integral in (5.12) will be calculated in Section 7.
6. Proof of Theorem 1.3
In order to prove Theorem 1.3, we first determine the leading heat kernel coefficient
of the holographic Laplacian.
Lemma 6.1. The leading heat kernel coefficient of H(r) satisfies
a0(r) = v(r). (6.1)
Proof. By Corollary 4.1, the leading coefficient in (4.2) is given by
pi−
n
2
∫
Rn
∫
Γ
(H(r)(x, ξ)− λ)−1e−λdλdξ/
√
det g.
By Cauchy’s formula, the latter integral equals
pi−
n
2
∫
Rn
e−H(r)(x,ξ)dξ/
√
det g.
But for the Gaussian integral we obtain17∫
Rn
e−H(r)(x,ξ)dξ = 2−
n
2 (2pi)
n
2 (
√
det g(r)−1)−1 = pi
n
2
√
det g(r). (6.2)
Thus, we finally arrive at
a0(r) =
√
det g(r)/
√
det g = v(r).
The proof is complete. 
Remark 6.1. The coefficient
(4pi)−
n
2
∫
Mn
v(r)dvg
of t−
n
2 can be rewritten as the symplectic volume
(2pi)−n
1
2
Γ
(n
2
)∫
H(r)=1
dxdξ,
of the hypersurface {(x, ξ) ∈ T ∗M | H(r)(x, ξ) = 1} in T ∗M . In fact, an easy calculation
in local coordinates shows that
2
∫
Rn
e−H(r)(x,ξ)dξ = Γ
(n
2
)∫
H(r)(x,ξ)=1
dσ(ξ).
17see (22) on page 15 of [Zee10]
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Comparison with (6.2) yields
Γ
(n
2
)∫
H(r)(x,ξ)=1
dσ(ξ) = 2pi
n
2
√
det(g(r)).
Hence
1
2
(2pi)−nΓ
(n
2
)∫
H(r)(x,ξ)=1
dσ(ξ) = (4pi)−
n
2
√
det(g(r))
and the assertion follows. This observation shows that Lemma 6.1 is a special case of
the formula for the leading coefficient in the asymptotic expansion of the trace of the
heat kernel for general elliptic self-adjoint operators given in Corollary 2.2’ of [DG75].
Now we complete the proof of Theorem 1.3. By (5.6) and c0 = 0, we have(∫
M
a0(x; r)dvg
)•
[ϕ] = (n−r∂/∂r)
∫
M
ϕa0(x; r)dvg.
Thus, by expansion in r, Lemma 6.1 implies(∫
M
v2kdvg
)•
[ϕ] = (n−2k)
∫
M
ϕv2kdvg.
This completes the proof. 
Some comments on the above proof of Theorem 1.3 are in order. In the mathematical
literature, the variational formula (1.31) first appeared in [CF08] (see (23)). The proof
of Chang and Fang rests on a description of the infinitesimal variation of the Fefferman-
Graham diffeomorphism of the bulk-space which is associated to a conformal change
of the metric on the boundary. Graham’s proof in [G09] may be considered also as a
version of that argument. The present proof completely differs from these arguments. It
replaces the consideration of the diffeomorphisms by the conformal variational formula
in Theorem 1.1 which in turn is based on the identification of the holographic Laplacian
with the generating function of the building-block operators. It seems difficult to prove
Theorem 1.1 by using the Fefferman-Graham diffeomorphism of the bulk-space.
7. The Gaussian integral
The present section is devoted to a proof of Theorem 1.5.
We start by fixing conventions concerning curvature and normal coordinates. For a
given metric g, let
R(X, Y )(Z) = ∇gX∇
g
Y (Z)−∇
g
Y∇
g
X(Z)−∇
g
[X,Y ](Z)
for vector fields X, Y, Z ∈ X(M) and set
R(∂i, ∂j)(∂k) =
∑
l
Rijk
l∂l.
for a local frame {∂i} defined by local coordinates {x1, . . . , xn}. Then in normal coordi-
nates {x1, . . . , xn} for g around m, we have the Taylor expansion
gij(x) = gij(m) +
1
3
∑
r,s
xrxsRrisj(m) + · · · (7.1)
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near m with gij(m) = δij . In particular, all first-order derivatives ∂k(gij) vanish at m
and
∂a∂b(gij)(m) =
1
3
(Raibj(m) +Rajbi(m)). (7.2)
For a proof of (7.1) see [G01], Lemma 1.11.4 or [BGV92], Proposition 1.28. Finally, we
define the Weyl tensor W by
R = W − (P ? g). (7.3)
Here a? b denotes the Kulkarni-Nomizu product of the symmetric bilinear forms a and
b which is defined by
(a? b)ijkl
def
= aikbjl − ajkbil + ajlbik − ailbjk. (7.4)
In the first step of the proof of Theorem 1.5, we make explicit the double Poisson
bracket defining the integrand. We use local coordinates {xi, ξi}. Then, using (5.11),
the integrand is given by the sum of
∑
a,b,c,d
∑
α,β,γ,δ
∂
∂xb
(
g(r)−1cd
)
ξcξd
[ ∂
∂xa
(
g(r)−1αβ
)
g˙(r)−1γδ
∂
∂ξb
(
ξαξβ
∂
∂ξa
(ξγξδ)
)
− g(r)−1αβ
∂
∂xa
(
g˙(r)−1γδ
) ∂
∂ξb
(
∂
∂ξa
(ξαξβ)ξγξδ
)]
(7.5)
and
−
∑
a,b,c,d
∑
α,β,γ,δ
g(r)−1cd
∂
∂ξb
(ξcξd)
[ ∂
∂xb
(
∂
∂xa
(
g(r)−1αβ
)
g˙(r)−1γδ
)
ξαξβ
∂
∂ξa
(ξγξδ)
−
∂
∂xb
(
g(r)−1αβ
∂
∂xa
(
g˙(r)−1γδ
)) ∂
∂ξa
(ξαξβ)ξγξδ
]
. (7.6)
Since the left-hand side of (1.35) does not depend on the choice of coordinates, it suf-
fices to prove that relation for any fixed m ∈ M , sufficiently small r ≥ 0 and normal
coordinates around m for the metric g(r) on M . Then the sum (7.5) vanishes and the
sum (7.6) simplifies to
−
∑
a,b,c,d
∑
α,β,γ,δ
δcdξαξβ
∂
∂ξb
(ξcξd)
∂
∂ξa
(ξγξδ)
[
∂2
∂xb∂xa
(
g(r)−1αβ
)
g˙(r)−1γδ
]
+
∑
a,b,c,d
∑
α,β,γ,δ
δcdδαβξγξδ
∂
∂ξb
(ξcξd)
∂
∂ξa
(ξαξβ)
[
∂2
∂xa∂xb
(g˙(r)−1γδ )
]
. (7.7)
The first sum can be expressed in terms of curvature. In fact, by (7.2) it equals
−
∑
a,b
∑
α,β,γ
ξαξβ
∂
∂ξb
(|ξ|2)
∂
∂ξa
(ξγξδ)
[
∂2
∂xa∂xb
(
g(r)−1αβ
)
g˙(r)−1γa
]
= −4
∑
a,b
∑
α,β,γ
ξαξβξγξb
∂2
∂xa∂xb
(
g(r)−1αβ
)
g˙(r)−1γa
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=
4
3
∑
a,b
∑
α,β,γ
ξαξβξγξb(Raαbβ +Raβbα)g˙(r)
−1
γa .
Now after integration these terms sum up to 0. In fact, by the well-known formula18∫
Rn
(ξaξbξcξd)e
−|ξ|2dξ
/∫
Rn
e−|ξ|
2
dξ =
1
4
(δabδcd + δacδbd + δadδbc), (7.8)
the integral is a multiple of∑
a,b
∑
α,β,γ
(δαβδγb + δαγδβb + δαbδβγ)(Raαbβ +Raβbα)g˙(r)
−1
γa
=
∑
a,γ
∑
α
(Raαγα +Raαγα)g˙(r)
−1
γa
+
∑
a,γ
∑
b
(Rαγbb +Rabbγ)g˙(r)
−1
γa
+
∑
a,γ
∑
b
(Rabbγ +Raγbb)g˙(r)
−1
γa
= 0.
It remains to evaluate the terms which involve the second-order derivatives of g˙(r).
The following results will play a central role in this evaluation.19
Lemma 7.1. We have
δg(r)(g˙(r)) = d trg(r)(g˙(r)) (7.9)
as an identity of one-parameter families of 1-forms on M .
Proof. Let P¯ be the Schouten tensor of the metric g¯ = dr2 + g(r). Then
P¯ = −
1
2r
g˙(r) (7.10)
(see [J13], Lemma 7.1). Hence
J¯ = trg¯(P¯) = −
1
2r
trg(r)(g˙(r)) = −
1
2r
∑
i,j
g˙(r)ijg(r)
ij. (7.11)
We combine these formulas with the relation
δg¯(P¯) = dJ¯ (7.12)
of 1-forms on the product space [0, ε)×M . We evaluate the relation (7.12) on tangential
vectors ofM . Let {∂0 = ∂/∂r, ∂i} be a local frame with tangential vectors ∂i, i = 1, . . . , n
of M . Let ∇i = ∇∂i and ∇
g¯
0 = ∇
g¯
∂0
. Then, using ∇g¯0(∂0) = 0 and g(r)(∂0, ·) = 0, we find
δg¯
(
−
1
2r
g˙(r)
)
(·) = −
1
2r
n∑
i,j=1
g(r)ij∇g¯i (g˙(r))(∂j, ·) (7.13)
18see (24) on page 15 of [Zee10] or (83) on page 259 of [Fo08].
19In what follows, δ also denotes the divergence on symmetric bilinear forms.
HEAT KERNELS, AMBIENT METRICS AND CONFORMAL INVARIANTS 37
on all tangent vectors. Now by
∇g¯i (∂j) = ∇
g(r)
i (∂j) + Γ¯
0
ij∂0,
the right-hand side of (7.13) coincides with
−
1
2r
δg(r)(g˙(r))(·)
on tangential vectors of M . Hence (7.10), (7.11) and (7.12) imply that
−
1
2r
δg(r)(g˙(r)) = δg¯(P¯) = dJ¯ = −
1
2r
d trg(r)(g˙(r))
on tangential vectors of M . This proves the asserted identity. 
Remark 7.1. We evaluate (7.12) on the normal vector field ∂0 = ∂/∂r. First, (7.13)
and
Γ¯ki0 =
1
2
∑
k,l
g˙(r)lig(r)
lk
imply
δg¯
(
−
1
2r
g˙(r)
)
(∂0) = −
1
2r
g(r)ij∇g¯i (g˙(r))(∂j , ∂0) (7.14)
=
1
2r
∑
i,j,k
g(r)ijΓ¯ki0g˙(r)jk
=
1
4r
∑
i,j,k,l
g(r)ijg˙(r)lig(r)
lkg˙(r)jk
=
1
4r
∑
j,l
g˙(r)jl g˙(r)
l
j. (7.15)
Here we raised indices using g(r). Next, a calculation using (7.11) shows that
(dJ¯)(∂0) = (∂/∂r)
(
−
1
2r
∑
i,j
g˙(r)ijg(r)
ij
)
=
1
2r2
∑
i
g˙(r)ii −
1
2r
∑
i
g¨(r)ii +
1
2r
∑
i,j
g˙(r)ji g˙(r)
i
j. (7.16)
Hence the equality of (7.14) and (7.16) is equivalent to the trace identity∑
i
g¨(r)ii =
1
r
∑
i
g˙(r)ii +
1
2
∑
i,j
g˙(r)ji g˙(r)
i
j, (7.17)
i.e.,
tr(g¨(r)) =
1
r
tr(g˙(r)) +
1
2
tr(g˙(r)2)
where all traces are taken with respect to g(r).
In addition, we need the following two general identities.
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Lemma 7.2. In normal coordinates {x1, . . . , xn} for g around m, any symmetric bilinear
form h satisfies the relations∑
a,b
∂a∂a(hbb) = ∆g(trg(h))−
2
3
∑
a,b,c
habRcabc (7.18)
and ∑
a,b
∂a∂b(hab) = δg(δg(h)) +
1
3
∑
a,b,c
habRcabc (7.19)
at m.
Proof. The relation (7.18) follows from the calculation
∆g(trg(h)) =
∑
a
∂a∂a
(∑
b,c
hbcg
bc
)
=
∑
a,b,c
∂a∂a(hbc)δbc +
∑
a,b,c
hbc∂a∂a(g
bc)
=
∑
a,b
∂a∂a(hbb)−
2
3
∑
a,b,c
hbcRabac
at m. For the proof of the second relation, we recall that
δg(h)(X) =
∑
i,j
gij∇gi (h)(∂j , X)
=
∑
i,j
gij(∂i(h(∂j , X))− h(∇
g
i (∂j), X)− h(∂j ,∇
g
i (X)))
and calculate
δg(δg(h)) =
∑
i,j
gij∇gi (δg(h))(∂j)
=
∑
i,j
gij(∂i(δg(h)(∂j))− δg(h)(∇
g
i (∂j)))
=
∑
i,j
gij∂i
(∑
r,s
grs(∂r(hsj)− h(∇
g
r(∂s), ∂j)− h(∂s,∇
g
r(∂j)))
)
−
∑
i,j
gij
(∑
r,s
grs(∂r(h(∂s,∇
g
i (∂j)))− h(∇
g
r(∂s),∇
g
i (∂j))− h(∂s,∇
g
r∇
g
i (∂j)))
)
.
Since the first-order derivatives of the metric g vanish at m, all Christoffel symbols
vanish at m, and the latter sum simplifies to∑
i,r
∂i∂r(hri)
−
∑
i,r
∂i(h(∇
g
r(∂r), ∂i)) + ∂i(h(∂r,∇
g
r(∂i))) + ∂r(h(∂r,∇
g
i (∂i)))− h(∂r,∇
g
r∇
g
i (∂i)).
Now the vanishing of the Christoffel symbols implies the relation∑
i
∂i(h(∂i, X)) = δ(h)(X) +
∑
i
h(∂i,∇
g
i (X))
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at m. Hence we get
δg(δg(h)) =
∑
i,r
∂i∂r(hir)−
∑
i,r
∂i(h(∂r,∇
g
r(∂i)))
−
∑
i,r
h(∇gi∇
g
r(∂r), ∂i)−
∑
i,r
h(∂r,∇
g
r∇
g
i (∂i)) +
∑
i,r
h(∂r,∇
g
r∇
g
i (∂i)),
i.e.,
δg(δg(h)) =
∑
i,r
∂i∂r(hir)−
∑
i,r
∂i(h(∂r,∇
g
r(∂i)))−
∑
i,r
h(∂i,∇
g
i∇
g
r(∂r)). (7.20)
Now
∂r(Γ
s
ij) =
1
2
(∂i∂r(gjs) + ∂j∂r(gsi)− ∂s∂r(gij))
and (7.2) imply that the derivatives of Christoffel symbols are given by
∂r(Γ
s
ij) =
1
3
(Rjrsi +Rjsri)
at m. Hence ∑
r
∇gi∇
g
r(∂r) =
∑
r,s
∂i(Γ
s
rr)∂s = −
2
3
∑
r,s
Rrirs∂s
and (7.20) simplifies to
δg(δg(h)) =
∑
i,r
∂i∂r(hir)−
∑
i,r,s
∂i(Γ
s
ri)hrs +
2
3
∑
i,r,s
Rrirshis
=
∑
i,r
∂i∂r(hir)−
1
3
∑
i,r,s
Risirhrs +
2
3
∑
i,r,s
Rrirshis
=
∑
i,r
∂i∂r(hir)−
1
3
∑
a,b,c
Rcabchab.
This proves (7.19). 
Applying Lemma 7.2 for the metric g = g(r) and the symmetric bilinear form h = g˙(r),
proves
Lemma 7.3. In normal coordinates {x1, . . . , xn} for g(r) around m, we have∑
a,b
∂a∂a(g˙(r)bb) + 2
∑
a,b
∂a∂b(g˙(r)ab) = ∆g(r)
(
trg(r)(g˙(r))
)
+ 2δg(r)(δg(r)(g˙(r))) (7.21)
at m.
Now Lemma 7.3 yields
Lemma 7.4. In normal coordinates {x1, . . . , xn} for g(r) around m, we have∑
a,b
∂a∂a(g˙(r)
−1
bb ) + 2
∑
a,b
∂a∂b(g˙(r)
−1
ab ) = −∆g(r)
(
trg(r)(g˙(r))
)
− 2δg(r)(δg(r)(g˙(r)))
at m.
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Proof. By Lemma 7.3, the assertion follows from the relations∑
a,b
∂a∂a
(
g˙(r)−1bb
)
= −
∑
a,b
∂a∂a(g˙(r)bb) +
4
3
∑
a,b,c
Rabac(r)g˙(r)bc (7.22)
and ∑
a,b
∂a∂b
(
g˙(r)−1ab
)
= −
∑
a,b
∂a∂b(g˙(r)ab) +
2
3
∑
a,b,c
Racba(r)g˙(r)cb (7.23)
at m. Here R(r) denotes the curvature of g(r). We start by noting that
∂a∂b(g(r)cd) + ∂a∂b
(
g(r)−1cd
)
= 0 (7.24)
at m and
g˙(r)−1 + g−1(r)g˙(r)g−1(r) = 0. (7.25)
Hence
∂a∂a
(
g˙(r)−1bb
)
= −∂a∂a
(∑
α,β
g(r)−1bα g˙(r)αβg(r)
−1
βb
)
=
∑
α,β
∂a∂a(g(r)bα)g˙(r)αβδβb +
∑
α,β
δbαg˙(r)αβ∂a∂a(g(r)βb)
−
∑
α,β
δbα∂a∂a (g˙(r)αβ) δβb
=
∑
α
∂a∂a (g(r)bα) g˙(r)αb +
∑
β
g˙(r)bβ∂a∂a (g(r)βb)
− ∂a∂a (g˙(r)bb) .
Now (7.2) implies
∂a∂a
(
g˙(r)−1bb
)
=
4
3
∑
c
Rabac(r)g˙(r)bc − ∂a∂a(g˙(r)bb). (7.26)
This proves (7.22). Similarly, we find
∂a∂b
(
g˙(r)−1ab
)
=
∑
c,d
∂a∂b(g(r)ac)g˙(r)cdδdb +
∑
c,d
δacg˙(r)cd∂a∂b(g(r)db)
−
∑
c,d
δac∂a∂b(g˙(r)cd)δdb
=
∑
c
∂a∂b(g(r)ac)g˙(r)cb +
∑
d
g˙(r)ad∂a∂b(g(r)db)− ∂a∂b(g˙(r)ab)
and (7.2) implies
∂a∂b
(
g˙(r)−1ab
)
=
1
3
∑
c
(Raabc(r) +Racba(r))g˙(r)cb +
1
3
∑
d
(Radbb(r) +Rabbd(r))g˙(r)ad − ∂a∂b(g˙(r)ab).
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Hence ∑
a,b
∂a∂b
(
g˙(r)−1ab
)
=
1
3
∑
a,b,c
(Rabca(r) +Rbaac(r))g˙(r)bc −
∑
a,b
∂a∂b(g˙(r)ab).
This proves (7.23). The proof is complete. 
With these preparations we are able to complete the proof of Theorem 1.5.
It remains to determine the Gaussian integral of∑
a,b,c,d
∑
α,β,γ,δ
δcdδαβξγξδ
∂
∂ξb
(ξcξd)
∂
∂ξa
(ξαξβ)
(
∂2
∂xa∂xb
(g˙(r)−1γδ
)
=
∑
a,b
∑
γ,δ
ξγξδ
∂
∂ξb
(|ξ|2)
∂
∂ξa
(|ξ|2)
(
∂2
∂xa∂xb
(g˙(r)−1γδ )
)
= 4
∑
a,b
∑
γ,δ
ξaξbξγξδ
(
∂2
∂xa∂xb
(g˙(r)−1γδ )
)
.
Now integration using (7.8) yields
∑
a,b
∑
γ,δ
(δabδγδ + δaγδbδ + δaδδbγ)
∂2
∂xa∂xb
(g˙(r)−1γδ )
=
∑
a,γ
∂2
∂xa∂xa
(g˙(r)−1γγ ) +
∑
a,b
∂2
∂xa∂xb
(g˙(r)−1ab ) +
∑
a,b
∂2
∂xa∂xb
(g˙(r)−1ba ).
By Lemma 7.4, the latter sum equals
−
(
∆g(r)
(
trg(r)(g˙(r))
)
+ 2δg(r)(δg(r)(g˙(r)))
)
.
But, by Lemma 7.1, this sum further simplifies to
−3∆g(r)
(
trg(r)(g˙(r))
)
.
This yields the assertion by using
trg(r)(g˙(r)) = 2(v˙/v)(r).
The proof is complete. 
8. A conformal primitive of the Gaussian integral
In the present section we prove Theorem 1.6.
The arguments rest on a local variational formula for the renormalized volume coef-
ficients. This formula was first stated in the equations (2.4) and (3.8) of [ISTY00] and
was rederived in Theorem 1.5 of [G09]. The following result is equivalent to equation
(3.5) in [G09].20
20The present conventions concerning the coefficients v2N differ from those used in [G09] and are
closer to those of [ISTY00]. In particular, we replace formulations in terms of ambient space coordinates
by formulations in terms of coordinates on Poincare´-Einstein spaces.
42 ANDREAS JUHL
Theorem 8.1 ([G09]). For any ϕ ∈ C∞(M),
v(r)•[ϕ] = −rv˙(r)ϕ− δ(L(r)dϕ), (8.1)
where the symmetric bilinear form
L(r)
def
= v(r)
∫ r
0
sg(s)−1ds (8.2)
acts on 1-forms (using g).
In the following, the first term on the right-hand side of (8.1) will be referred to as
the scaling term.
Some comments are in order. By expansion into power series of r, (8.1) is equivalent
to
v•2N [ϕ] = −2Nv2Nϕ− δ
(
1
2
v2N−2g
−1
(0) + · · ·+
1
2N
v0g
−1
(2N−2)
)
dϕ, (8.3)
where g−1(2k) are the power series coefficients of g(r)
−1. Formula (8.3) refines the variational
formula (∫
Mn
v2N (g)dvg
)•
[ϕ] = (n−2N)
∫
Mn
ϕv2N(g)dvg
for closed M . Theorem 8.1 implies that the conformal variation of v(r) at the round
metric on Sn is given by
v(r)•[ϕ] =
r2
2
(1− r2/4)n−1(n−∆)(ϕ). (8.4)
We continue with the proof of Theorem 1.6.
We start by noting that
(w˙)2 =
1
4
v˙2
v
.
Hence
((w˙)2)•[ϕ] =
1
4
(
v˙2
v
)•
[ϕ].
Moreover, we have (
v˙2
v
)•
[ϕ] = 2
(
v˙
v
)
(v˙)•[ϕ]−
(
v˙
v
)2
v•[ϕ]. (8.5)
By Theorem 8.1, the right-hand side of (8.5) equals
− 2
(
v˙
v
)
δg(L˙(r)dϕ) +
(
v˙
v
)2
δg(L(r)dϕ)
= −2
(
v˙
v
)
δg
(
v˙
∫ r
0
sg(s)−1ds+ rvg(r)−1
)
dϕ+
(
v˙
v
)2
δg(L(r)dϕ),
up to a contribution by the scaling term. Now partial integration implies(∫
M
(
v˙2
v
)
dvg
)•
[ϕ] = n
∫
M
ϕ
(
v˙2
v
)
dvg
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− 2
∫
M
ϕδg
((
v˙
v
)
L(r) + rvg(r)−1
)
d
(
v˙
v
)
dvg
+ 2
∫
M
ϕδg
(
L(r)
(
v˙
v
))
d
(
v˙
v
)
dvg,
up to a contribution by the scaling term. The contributions by L cancel and we obtain(∫
M
(
v˙2
v
)
dvg
)•
[ϕ] = n
∫
M
ϕ
(
v˙2
v
)
dvg − 2r
∫
M
ϕδg(vg(r)
−1)d
(
v˙
v
)
dvg.
Now Lemma 8.1 shows that the last term on the right-hand side of this relation can be
rewritten as
2r
∫
M
ϕv∆g(r)
(
v˙
v
)
dvg.
Therefore, it only remains to determine the contribution by the scaling term. By (8.5),
this term is given by∫
M
(
2
(
v˙
v
)
∂
∂r
(−rv˙)ϕ+
(
v˙
v
)2
rv˙ϕ
)
dvg
=
∫
M
ϕ
(
−2
(
v˙
v
)
rv¨ − 2
(
v˙
v
)
v˙ +
(
v˙
v
)2
rv˙
)
dvg = −(2 + r∂/∂r)
∫
M
ϕ
(
v˙2
v
)
dvg.
The proof is complete. 
The above proof made use of the following conjugation formula.
Lemma 8.1. We have
v(r) ◦ δg(r) = δg ◦ v(r) ◦ g(r)
−1 (8.6)
as an identity of operators on 1-forms.
Proof. We recall that a symmetric bilinear form b on TM acts by
〈b(ω), X〉 = b(ω#, X), X ∈ X(M)
on Ω1(M), where the vector-field ω# is dual to ω in the sense that g(ω#, X) = 〈ω,X〉 for
all X ∈ X(M). In particular, the one-parameter family g(r) of metrics acts on Ω1(M)
using g. As before, the latter endomorphism of Ω1(M) will also be denoted by g(r). In
local coordinates, it is given by
g(r) :
∑
a
ωadx
a 7→
∑
a,b,c
g(r)bcg
−1
ac ωadx
b. (8.7)
Similarly, the inverse of the endomorphism g(r) is given by
g(r)−1 :
∑
a
ωadx
a 7→
∑
a,b,c
gbcg(r)
−1
ac ωadx
b. (8.8)
Now the left-hand side of (8.6) acts on ω =
∑
a ωadx
a by
v(r)(
√
det g(r))−1
∑
a,b
∂a(
√
det g(r)g(r)−1ab ωb)
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= (
√
det g)−1
∑
a,b
∂a(
√
det g(r)g(r)−1ab ωb). (8.9)
On the other hand, the right-hand side of (8.6) acts on ω by
(
√
det g)−1
∑
a,b
∂a(
√
det gv(r)g−1ab g(r)
−1(ω)b).
By (8.8), the latter sum equals
(
√
det g)−1
∑
a,b,c,d
∂a(
√
det g(r)g−1ab gbcg(r)
−1
dc ωd)
= (
√
det g)−1
∑
a,d
∂a(
√
det g(r)g(r)−1da ωd). (8.10)
Comparing (8.9) and (8.10), completes the proof. 
9. Proof of Theorem 1.4
In the present section we complete the proof of Theorem 1.4.
We first observe that (5.6) implies(∫
M
a2(r)dv
)•
[ϕ] = (n−2−r∂/∂r)
∫
M
ϕa2(r)dv − r
1
2
∫
M
ϕc2(r)dv.
Now by (5.12) the latter formula is equivalent to(∫
M
a2(r)dv
)•
[ϕ] = (n−2−r∂/∂r)
∫
M
ϕa2(r)dv
− rpi−
n
2
1
2
1
3!
∫
M
ϕ
(∫
Rn
{H(r), {H(r), H˙(r)}}e−H(r)dξ
)
dx. (9.1)
Hence, using Theorem 1.5 and (6.2), we find(∫
M
a2(r)dv
)•
[ϕ]
= (n−2−r∂/∂r)
∫
M
ϕa2(r)dv + r
1
2
∫
M
ϕv(r)∆g(r)((v˙/v)(r))dv.
Combining this relation with Theorem 1.6, yields(∫
M
Λ(r)dv
)•
[ϕ] = (n−2−r∂/∂r)
∫
M
ϕΛ(r)dv.
The assertion follows by expansion in r. 
10. Proof of Theorem 1.8
The following proof of Theorem 1.8 utilizes the algorithm of Section 4. An alternative
proof will be given in Section 11.
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For j = 2, the relation (4.5) is a formula for a2(r) in terms of r−4(λ; r). For any
second-order operator with complete symbol p2(x, ξ)+ p1(x, ξ)+ p0(x), the algorithm in
the proof of Theorem 4.1 yields
r−2(λ) = (p2−λ)
−1
and
r−3(λ) = −(p2−λ)
−1
(
p1r−2(λ) +
∑
i
∂ξi(p2)Dxi(r−2(λ))
)
= −(p2−λ)
−2p1 + (p2−λ)
−3
∑
i
∂ξi(p2)Dxi(p2).
Moreover, we find
r−4(λ) = −r−2(λ)
[
p1r−3(λ) + p0r−2(λ)
+
∑
i
(∂ξi(p2)Dxi(r−3(λ)) + ∂ξi(p1)Dxi(r−2(λ)))
+
1
2
∑
i,j
∂2ξiξj(p2)D
2
xixj
(r−2(λ))
]
.
These formulas imply that r−4(λ) is given by the sum
− (p2−λ)
−4p1
∑
i
∂ξi(p2)Dxi(p2) + (p2−λ)
−3
(
p21 +
∑
i
∂ξi(p1)Dxi(p2)
)
(10.1)
− (p2−λ)
−2p0 (10.2)
− (p2−λ)
−1
∑
i
∂ξi(p2)Dxi(r−3(λ))− (p2−λ)
−11
2
∑
i,j
∂2ξiξj (p2)D
2
xixj
(r−2(λ)).
First, we use the latter expression for r−4(λ) to determine the contribution of the
potential U(r) to a2(r) = a2(H(r)). For the operator −H(r), we have p0 = −U(r), and
the term in (10.2) yields
pi
n
2 a2(x; r)
√
det g = U(x; r)
1
2pii
∫
Rn
∫
Γ
(H(r)(x, ξ)−λ)−2e−λdλdξ
= U(x; r)
∫
Rn
e−H(r)(x,ξ)dξ
= pi
n
2U(x; r)
√
det g(r)
using (6.2). Hence U(r) contributes to a2(r) by U(r)v(r). In other words, we have the
decomposition
a2(r) = a2(D(r)) + U(r)v(r), (10.3)
where a2(D(r)) denotes the sub-leading heat kernel coefficient of the operator
D(r) = −δ(g(r)−1d). (10.4)
By the definition of the potential U(r), it follows that
Λ(r) = a2(r)− (w˙(r))
2
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= a2(D(r)) + δ(g(r)
−1d)(w)w −
(
∂2
∂r2
(w)− (n−1)r−1
∂
∂r
(w)
)
w − (w˙(r))2.
Simplification yields the formula
Λ(r) = a2(D(r)) + δ(g(r)
−1d)(w(r))w(r)−
1
2
(
v¨(r)− (n−1)r−1v˙(r)
)
. (10.5)
Note that the last term in (10.5) is linear in v(r), i.e., in a0(r). By expansion in r, (10.5)
yields
Λ2k−2 =
(
a2(D(r)) + δ(g(r)
−1d)(w(r))w(r)
)
[2k−2] + (n−2k)kv2k;
here u(r)[k] denotes the coefficient of rk in the formal power series expansion of u. In
particular, we have
Λn−2 =
(
a2(D(r)) + δ(g(r)
−1d)(w(r))w(r)
)
[n−2]. (10.6)
Thus, it remains to make explicit the sub-leading heat kernel coefficient of the operator
D(r). For this purpose, we observe that
−D(r)(u) + ∆g(r)(u) = (d log v(r), du)g(r). (10.7)
Then we apply the above formula for r−4 to express the difference
a2(D(r))− a2(∆g(r))
in terms of a certain Gaussian integral and calculate this integral. For the following
considerations, we fix m ∈ M and choose normal coordinates for g(r) around m. We
compare the contributions to r−4(x, ξ) for the operators D(r) = −δ(g(r)
−1d) and ∆g(r).
These two operators are related by (10.7). Note that r−4 depends quadratically on p1.
By
∆g(r)(u)(m) =
∑
i
∂2xixi(u)(m),
the linear part p∆1 (x, ξ) of the complete symbol of −∆g(r) vanishes at m. Hence the
linear part pD1 (x, ξ) of the complete symbol of
−D(r) = δ(g(r)−1d) = (d log v(r), d)g(r) −∆g(r)
equals
pD1 (m, ξ) = i
∑
j
∂xj (log v)(m)ξj
at m. Let
d1(x, ξ)
def
= pD1 (x, ξ)− p
∆
1 (x, ξ).
Now the above formula for r−4(λ) shows that the difference
rD−4(m, ξ, λ)− r
∆
−4(m, ξ, λ)
is given by the sum
− (H(r)−λ)−4d1
∑
j
∂ξj (H(r))Dxj(H(r))
+ (H(r)−λ)−3((pD1 )
2 +
∑
j
∂ξj (d1)Dxj (H(r)))
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+ (H(r)−λ)−1
∑
j
∂ξj (H(r))Dxj((H(r)−λ)
−2d1)
at m. By H(r)(m, ξ) = |ξ|2 and the vanishing of all derivatives ∂xj (H(r))(m, ξ), the
latter sum equals
(|ξ|2−λ)−3(pD1 )
2(m, ξ) + 2(|ξ|2−λ)−3
∑
j,k
ξjξk∂
2
xjxk
(log v)(m)
= (|ξ|2−λ)−3

−
(∑
j
∂xj (log v)(m)ξj
)2
+ 2
∑
j,k
∂2xjxk(log v)(m)ξjξk

 . (10.8)
Now we calculate the integral
I−4(m) =
1
2pii
∫
Rn
∫
Γ
(
rD−4(m, ξ, λ)− r
∆
−4(m, ξ, λ)
)
e−λdλdξ. (10.9)
First, by (10.8) and Cauchy’s formula, it simplifies to the sum of
−
1
2!
∫
Rn
(∑
j
∂xj (log v)(m)ξj
)2
e−|ξ|
2
dξ (10.10)
and ∫
Rn
(∑
j,k
∂2xjxk(log v)(m)ξjξk
)
e−|ξ|
2
dξ. (10.11)
Next, we evaluate the integrals (10.10) and (10.11) using the identities∫
Rn
ξjξke
−|ξ|2dξ
/∫
Rn
e−|ξ|
2
dξ =
1
2
δjk and
∫
Rn
e−|ξ|
2
dξ = pi
n
2 .
It follows that
I−4(m) = −
1
4
pi
n
2 |d log v|2(m) +
1
2
pi
n
2∆g(r)(log v)(m).
Therefore, we obtain
pi
n
2 a2(D)
√
det g = pi
n
2 a2(∆)
√
det g + I−4(m)
= pi
n
2 a2(∆)
√
det g +
1
2
pi
n
2∆g(r)(log v)−
1
4
pi
n
2 |d log v|2.
Hence we get the relation
a2(D) = a2(∆g(r)) +
1
2
∆g(r)(log v)v −
1
4
|d log v|2v. (10.12)
We combine (10.12) with the well-known formula for a2 of the Laplacian (see Section
14.2). We find
a2(∆g(r)) =
scal(g(r))
6
v(r), (10.13)
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where the additional factor v(r) comes from the fact that we regard ∆g(r) as an operator
on L2(M, g). Now simplification yields the formula
a2(D) =
scal(g(r))
6
v(r) +
1
2
∆g(r)(v)−
3
4
|dv|2
v
. (10.14)
Thus, by (10.5), we find
Λ(r) =
scal(g(r))
6
v(r)−
1
2
(
v¨(r)− (n−1)r−1v˙(r)
)
+
1
2
∆g(r)(v)−
3
4
|dv|2
v
+ δ(g(r)−1d)(w(r))w(r). (10.15)
Now (10.7) implies
δ(g(r)−1dw)w = −∆g(r)(w)w + (d log v, dw)w.
Some calculations show that
∆g(r)(w)w =
1
2
∆g(r)(v)−
1
4
|dv|2
v
and
(d log v, dw)w =
1
2
|dv|2
v
.
Hence we find the relation
δ(g(r)−1dw)w = −
1
2
∆g(r)(v) +
3
4
|dv|2
v
.
It follows that the last three terms in (10.15) cancel. Therefore, we conclude that
Λ(r) =
scal(g(r))
6
v(r)−
1
2
(
v¨(r)− (n−1)r−1v˙(r)
)
. (10.16)
In order to calculate the scalar curvature of g(r), we recall the construction of the
Poincare´-Einstein metric. In terms of the coordinates r2 = ρ, the metric g+ reads
g+ =
dρ2
4ρ2
+
1
ρ
h(ρ), h(ρ) = g(0) + ρg(2) + ρ
2g(4) + · · · . (10.17)
We evaluate the vanishing of the tangential part of Ric(g+) + ng+. By Equation (3.17)
in [FG12], this leads to the identity
−ρ
[
2h¨− 2h˙h−1h˙ + tr(h−1h˙)h˙
]
+ (n−2)h˙+ tr(h−1h˙)h+ Ric(h) = 0 (10.18)
(see also the discussion on page 241 of [J09a]), where h = h(ρ) and the dots denote
derivatives with respect to ρ. The relation (10.18) implies
scal(h) = −(2n− 2) tr(h−1h˙) + ρ
(
2 tr(h−1h¨)− 2 tr(h−1h˙h−1h˙) + tr(h−1h˙)2
)
. (10.19)
Now
tr(h−1h˙) = ∂ρ tr log h = ∂ρ log det h = 2∂ρ log V = 2V˙ /V,
where V is defined by V (r2) = v(r). In turn, the latter equation gives
2∂ρ(V˙ /V ) = tr(h
−1h¨)− tr(h−1h˙h−1h˙).
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Therefore, (10.19) can be rewritten in the form
scal(h) = −4(n−1)V˙ /V + 4ρ∂ρ(V˙ /V ) + 4ρ(V˙ /V )
2.
Hence
scal(h)V = −4(n− 1)V˙ + 4ρV¨ .
In other words,
scal(g(r))v(r) = v¨(r)− (2n−1)r−1v˙(r). (10.20)
Together with (10.16), we find
Λ(r) = −
1
3
v¨(r) +
n−2
6
r−1v˙(r).
This completes the proof of Theorem 1.8. 
Finally, we use Theorem 1.8 to give a second proof of Theorem 1.5.
On the one hand, Theorem 1.2 leads to the variational formula (9.1). On the other
hand, Theorem 1.3 and Theorem 1.6 together with Theorem 1.8 show that(∫
M
a2(r)dv
)•
[ϕ] = (n−2−r∂/∂r)
∫
M
ϕa2(r)dv + r
1
2
∫
M
ϕv(r)∆g(r)((v˙/v)(r))dv.
Since both identities hold true for arbitrary ϕ ∈ C∞(M), the assertion follows by com-
parison.
11. Proof of Theorem 1.7
We start with an alternative proof of Theorem 1.8.
First, we note that the arguments in Section 10 proved the relation
a2(r) =
(
scal(g(r))
6
+
1
2
∆g(r)(log v)−
1
4
|d log v|2 + U(r)
)
v(r)
(see (10.3), (10.12) and (10.13)). The latter formula also may be seen as a special case
of Gilkey’s formula for the sub-leading heat kernel coefficient of a general second-order
operator. In fact, from that perspective, it takes the form
a2(r) =
(
scal(g(r))
6
+ E(r)
)
v(r) (11.1)
with
E(r) = ∆g(r)(η(r))− |dη(r)|
2 + U(r), η(r) = 1/2 log v(r). (11.2)
In order to recognize (11.1) and (11.2) as a special case of Gilkey’s formula, we recall
this formula for the heat kernel coefficient a2 of a second-order operator of the form
L = −
(∑
i,j
gij∂2/∂xi∂xj +
∑
k
Ak∂/∂xk +B
)
(11.3)
defined by a metric g and coefficients Ak, B ∈ C∞(M). Let
ωi =
1
2
gij(A
j + gklΓjkl) (11.4)
and
E = B − gij(∂ωi/∂xj + ωiωj − ωkΓ
k
ij), (11.5)
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where Γkij are the Christoffel symbols of the Levi-Civita connection of g. Then the
operator L can be identified with the operator
− trg(∇ ◦∇)− E
on the sections of the trivial line bundle L = M × C equipped with the connection ∇
defined by the connection one-form ω =
∑
k ωkdx
k. Here we use the notation ∇ also for
the coupled connection on TM ⊗L defined by ∇ on L and the Levi-Civita connection
on TM . For the proof see Lemma 4.8.1 and Corollary 4.8.2 in [G84]. In these terms, we
have the following result.
Lemma 11.1 ([G84], Theorem 4.8.16/(b)).
a2(L) =
scal(g)
6
+ E.
Hence for an operator L of the form
L = −(∆g + g(dη, d) + b) (11.6)
with b, η ∈ C∞(M), we obtain the following formula.
Corollary 11.1. The second heat kernel coefficient of the operator L as in (11.6) is
given by
a2(L) =
scal(g)
6
−
1
2
∆g(η)−
1
4
|dη|2g + b.
Proof. By Lemma 11.1, it suffices to determine the potential E. First, we observe that
for L as in (11.6) the connection form ω is given by
ω =
1
2
dη. (11.7)
Indeed, (11.4) implies
ωr =
1
2
grj
(
(gij)i +
1
2
(log det(g))ig
ij + gklΓjkl + A
j
)
with Ai = gijηj. We simplify the latter sum using
Γkij =
1
2
gkl((gil)j + (gjl)i − (gij)l). (11.8)
Then
ωr =
1
2
grj
(
(gij)i +
1
2
(gab)ig
abgij +
1
2
gklgjs((gks)l + (gls)k − (gkl)s) + A
j
)
=
1
2
grj
(
(gij)i + g
klgjs(gks)l + A
j
)
=
1
2
grjA
j.
This proves (11.7). Next, (11.8) yields
gijΓkij = −(g
kr)r − g
kl1
2
(log det(g))l.
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Hence (11.5) gives
E = b−
1
2
gij∂2η/∂xi∂xj −
1
4
gijηiηj −
1
2
(
(gkr)r + g
kl1
2
(log det(g))l
)
ηk
= b−
1
4
|dη|2g −
1
2
∆g(η). (11.9)
The proof is complete. 
In order to apply Corollary 11.1 to the operator H(r; g), we write H(r; g) in the form
H(r; g) = ∆g(r) − (d log v(r), d)g(r) + U(r; g) (11.10)
(for details see the proof of Lemma 8.1 in [J13]). This yields the formula (11.1) with
E(r) as given in (11.2); the coefficient v(r) comes from the fact that the heat kernel of
H(r; g) is defined by integration against the volume form of g (instead of g(r)).
The calculations in Section 10 already proved the following remarkable formula for
the new potential E(r). It shows that E(r) does not involve differentiations along M .
Lemma 11.2. The function E(r) as defined in (11.2) can be written in the form
E(r) = −
1
2
v¨
v
+
1
2
n−1
r
v˙
v
+
1
4
v˙2
v2
= −w−1
(
∂2
∂r2
−
n−1
r
∂
∂r
)
(w). (11.11)
Proof. We repeat the arguments (in a slightly different form). By (11.2), we have
E(r) =
1
2
∆g(r)(log v)−
1
4
|d log v|2 + U(r).
Now we observe that for any metric g and any non-negative function u ∈ C∞(M),
∆g(log u) = δg(du/u) = ∆g(u)/u− |du|
2
g/u
2.
Therefore, by the definition of U(r), E(r) is the sum of
−w−1
(
∂2
∂r2
−
n−1
r
∂
∂r
)
(w)
and
1
2
(∆g(r)(v)/v − |dv|
2
g(r)/v
2)−
1
4
|dv|2g(r)/v
2 + δg(g(r)
−1d)(w)/w. (11.12)
But
δg(g(r)
−1d)(w)/w = −∆g(r)(w)/w + (d log v, dw)g(r)/w
= −
1
2
∆g(r)(v)/v +
1
4
|dv|2g(r)/v
2 +
1
2
|dv|2g(r)/v
2.
Hence the sum (11.12) vanishes. This completes the proof. 
Finally, we give a proof of Theorem 1.7.
The above arguments prove that H(r; g) can be identified with the operator
trg(r)(∇
v(r) ◦ ∇v(r)) + E(r)
on the sections of L equipped with the connection ∇v(r) with the connection one-form
ω = −1
2
d log v(r). Here the potential E(r) (see (11.11)) is regarded as an endomorphism
of L . In particular, H(r; g) is a Laplace-type operator for the metric g(r). Now we apply
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Lemma 4.8.6 in [G84]. It follows that a2k(r) is an invariant polynomial of homogeneity
2k in the non-commuting variables
{∇
g(r)
i1
· · ·∇
g(r)
ir
Rijkl(r),∇
v(r)
i1
· · ·∇
v(r)
ir
E(r)}
of the covariant derivatives of the curvature of the Levi-Civita connection of g(r) and
the covariant derivatives of the endomorphism E(r) of L . Here we use the fact that the
curvature of ∇v(r) vanishes. Finally, by definition, the variables Rijkl(r) and E(r) have
homogeneity 2, and each derivative increases the homogeneity by 1. This completes the
proof of Theorem 1.7. 
Since the coefficients in the Taylor expansion of g(r) are universal functionals of g,
Theorem 1.7 implies that the coefficients a2k(r) = a2k(g(r)) may be regarded also as
functions in r with coefficients given by scalar local Riemannian invariants of the metric
g.
12. Extremal properties of some curvature functionals
In the present section, we study extremal properties of the critical heat kernel coeffi-
cients a(2,n−2) and some related functionals.
In view of a0(r) = v(r), the following result on extremal properties of renormalized
volume coefficients may be regarded as a result on the first heat kernel coefficient of
H(r).
Theorem 12.1 ([CFG12]). Let (Mn, g) be a closed unit volume Einstein manifold of
dimension n ≥ 3. Assume that g has non-zero scalar curvature. Then the restriction of
the functional
F2k(g) =
∫
M
v2k(g)dvg, 2k < n
to the set c1 = [g]1 of unit volume metrics conformal to g has a local extremum at g.
More precisely, (−1)kF2k has a local minimum at g if scal(g) > 0, and F2k has a local
maximum at g if scal(g) < 0. In the case scal(g) > 0, the local minimum is strict unless
(Mn, g) is isometric to a (rescaled) round sphere.
We also recall that Fn is conformally invariant. For 2k > n, there is an analogous
result with maxima and minima interchanged. In the locally conformally flat case, we
have v2k = (−1/2)
k tr(∧kP) and the study of the corresponding functionals F2k was
initiated by Viaclovsky [V00].
For later reference, it will be convenient to recall the main steps of the proof of
Theorem 12.1.
Proof. First, Theorem 8.1 implies that
(F2k)
•[ϕ] = (n− 2k)
∫
M
ϕv2kdv, ϕ ∈ C
∞(M).
It follows that the restriction of F2k (2k < n) to the subset c1 = [g]1 ⊂ c is critical at
g iff v2k is constant at g. In fact, the method of Lagrange multipliers shows that g is
critical iff (
F2k − c
∫
M
dv
)•
[ϕ] = 0
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at g for some constant c and all ϕ ∈ C∞(M). Hence∫
M
ϕ((n− 2k)v2k − nc)dv = 0, ϕ ∈ C
∞(M)
at g. This proves the claim. The assertions on extremal values are consequences of a
formula for the second conformal variation of the restrictions of the functionals F2k to
c1. In order to derive this formula, let γ(t) = e
2ϕ(t)g be a curve in the conformal class c
of g with ϕ(0) = 0, ϕ′(0) = ϕ and ϕ′′(0) = ψ; here ′ denotes the derivative with respect
to t. Let
(F2k(g))
••[γ]
def
= (∂2/∂t2)|0(F2k(γ(t))).
We also set
F(r; g)
def
=
∫
M
v(r; g)dvg and (F(r; g))
••[γ] = (∂2/∂t2)|0(F(r; γ(t))).
Now Theorem 8.1 implies
(F(r; g))••[γ] = (∂/∂t)|0((∂/∂t)(F(r; γ(t))))
= (∂/∂t)|0((∂/∂s)|0(F(r; γ(t+ s))))
= (∂/∂t)|0
(
(n−r∂/∂r)
∫
M
ϕ′(t)v(r; γ(t))dvγ(t)
)
.
A second application of Theorem 8.1 yields
(F(r; g))••[γ] = (n−r∂/∂r)
(∫
M
[−ϕ(ϕrv˙(r) + δ(L(r)dϕ)) + (ψ+nϕ2)v(r)]dvg
)
.
(12.1)
If the curve γ(t) is in c1, i.e., preserves volumes, the integral
∫
M
enϕ(t)dvg does not depend
on t. Hence for such curves we have∫
M
ϕdvg = 0 and
∫
M
(ψ + nϕ2)dvg = 0.
In particular, this has the consequence that, if v(r) is constant onM , the last two terms
in the second variational formula (12.1) vanish for such curves γ(t). In this case, the
second variation does not depend on the second derivative of ϕ(t) at t = 0 and we simply
write (F(r; g))••[ϕ] for the second variation.
Now we evaluate the formula (12.1) for a curve γ(t) of unit volume metrics conformal
to an Einstein metric g. As we have just seen, it suffices to evaluate the first two terms
at an Einstein metric. We recall from Section 2 that for an Einstein metric g,
g(r) = (1−cr2)2g with c = scal(g)/(4n(n−1)).
Hence
v(r) = (1−cr2)n. (12.2)
In particular, v(r) is constant on M . Moreover, we find
L(r) = (1−cr2)n
∫ r
0
s(1−cs2)−2ds =
r2
2
(1−cr2)n−1. (12.3)
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Therefore, (12.1) implies the variational formula
(F(r; g))••[ϕ] = (n−r∂/∂r)
(
(1−cr2)n−1
r2
2
∫
M
ϕ(4ncϕ+∆ϕ)dvg
)
, (12.4)
where ∆ = −δd. Note that 4nc = scal(g)/(n−1). By expansion of (12.4) into power
series in r, we obtain
(F2k(g))
••[ϕ] = (n−2k)
1
2
(
n− 1
k − 1
)
(−c)k−1
∫
M
ϕ(4ncϕ+∆ϕ)dvg. (12.5)
Next we recall some results of Obata [O62]. The smallest possible non-zero eigenvalue
λ1 of −∆ on a closed Einstein manifold (M
n, g) of positive scalar curvature equals
scal(g)/(n−1). Moreover, this value is an eigenvalue iff (Mn, g) is isometric to a (rescaled)
round sphere.
Thus, if (Mn, g) is not isometric to a (rescaled) round sphere, (12.4) has the following
consequences for the signs of the quadratic forms (F2k)
••[ϕ]:
• For 2k < n and scal(g) > 0 the sign of (−1)k(F2k)
••[ϕ] is positive.
• For 2k < n and scal(g) < 0 the sign of (F2k)
••[ϕ] is negative.
This proves the assertions in this case.
On the other hand, if (Mn, g) is isometric to a round sphere, then F2k(g)
••[ϕ] vanishes
iff ϕ is an eigenfunction for λ1 = n. By the conformal transformation law of scalar cur-
vature, these eigenfunctions correspond to infinitesimal conformal factors of conformal
diffeomorphisms.21 Hence the assertion on local minima also follows in this case. 
By expansion of (12.1) into power series in r, we obtain second conformal variational
formulas for the functionals F2k on the full conformal class. These formulas admit a
more natural formulation in terms of the second conformal variations of the rescaled
functionals
F˜2k(g)
def
= F2k(g)/V (g)
(n−2k)/n with V (g) =
∫
M
dvg
at its critical points. Note that F˜2k(λg) = F˜2k(g) for any λ > 0. In the following, it will
be convenient to use the notation
ϕ¯
def
= ϕ−
(∫
M
ϕdv
)
/V.
Let L2k be the coefficient of r
2k in the r-expansion of L(r).
Proposition 12.1. Let γ(t) be a curve in the conformal class of g with γ(0) = g and
(∂/∂t)|0(γ(t)) = 2ϕg. Let 2k < n. Then F˜2k is critical at g, i.e.,
(∂/∂t)|0(F˜2k(γ(t))) = 0,
21In fact, let g0 be the round metric on S
n and assume that ϕ∗t (g0) = e
2Φtg0. Then J(e
2Φtg0) =
J(ϕ∗t (g0)) = ϕ
∗
t (J(g0)) = J(g0). Combining this with the relation e
2ΦtJ(e2Φtg0) = J(g0) −∆(Φt) + . . . ,
yields e2ΦtJ(g0) = J(g0)−∆(Φt) + . . . . Now differentiation at t = 0 implies
2ψJ(g0) = −∆(ψ), ψ = (d/dt)|0(Φt).
But J(g0) = n/2.
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iff v2k(g) is constant. Moreover, we have
(∂2/∂t2)|0(F˜2k(γ(t))) = −V
−(n−2k)/n(n−2k)
∫
M
(2kv2kϕ¯
2 + ϕ¯δ(L2kdϕ¯))dv
at a critical metric g.
Proof. We first prove that critical points of F˜2k are metrics with constant v2k. The
assertion follows from the following general argument. Consider a functional F(g) =∫
M
F (g)dvg so that
F(g)•[ϕ] = m
∫
M
ϕF (g)dvg, m 6= 0.
Then conformal variation of F˜
def
= F/V m/n at g yields
m
∫
M
ϕF (g)dvg
V (g)m/n
−
∫
M
F (g)dvg
V (g)m/n+1
m
n
n
∫
M
ϕdvg.
Hence F˜ is critical at g iff∫
M
ϕF (g)dvg =
∫
M
F (g)dvg
V (g)
∫
M
ϕdvg,
i.e., ∫
M
ϕ
(
F (g)−
∫
M
F (g)dvg
V (g)
)
dvg = 0.
Since this relation is valid for all ϕ ∈ C∞(M), it follows that F (g) is constant. Now we
apply the result to the functional F2k (with m = n− 2k). In order to derive the second
variational formula for F˜2k, we use (12.1) and the fact that v2k is constant at a critical
point g of F˜2k. First, we have
(F˜2k)
••[γ] = (F2k)
••[γ]V −
n−2k
n + 2(F2k)
•[ϕ](V −
n−2k
n )•[ϕ] + F2k(V
−n−2k
n )••[γ].
Now a simple calculation shows that
(V −
n−2k
n )•[ϕ] = −(n− 2k)V −
2n−2k
n
∫
M
ϕdv
and
(V −
n−2k
n )••[γ] = −(n− 2k)V −
2n−2k
n
∫
M
(ψ + nϕ2)dv
+ (n− 2k)(2n− 2k)V −
3n−2k
n
(∫
M
ϕdv
)2
.
Hence (F2k)
•[ϕ] = (n−2k)
∫
M
ϕv2kdv yields
(F˜2k)
••[γ] = V −
n−2k
n
[
(F2k)
••[γ]
+ 2k(n−2k)V −1v2k
(∫
M
ϕdv
)2
− n(n−2k)v2k
∫
M
ϕ2dv − (n−2k)v2k
∫
M
ψdv
]
;
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here we utilized the fact that v2k is constant at g. Now combining this formula with the
consequence
(F2k)
••[γ] = (n−2k)
(
−2kv2k
∫
M
ϕ2dv −
∫
M
ϕδ(L2kdϕ)dv + v2k
∫
M
(ψ+nϕ2)dv
)
of (12.1) gives
(F˜2k)
••[γ] = −V −
n−2k
n (n−2k)(
2kv2k
∫
M
ϕ2dv − 2kv2kV
−1
(∫
M
ϕdvg
)2
+
∫
M
ϕδ(L2kdϕ)dv
)
.
Hence the relation∫
M
(
ϕ− V −1
∫
M
ϕdv
)2
dv =
∫
M
ϕ2dv − V −1
(∫
M
ϕdv
)2
completes the proof. 
The arguments in the latter proof generalize those in [GL11] (in the case k = 3). Now
a similar reasoning as above yields the following result.
Corollary 12.1. Let g be an Einstein metric with non-zero scalar curvature. Let γ(t)
be a curve in the conformal class of g with γ(0) = g and (∂/∂t)|0(γ(t)) = 2ϕg. Then
(∂2/∂t2)|0(F˜2k(γ(t)))
= V (g)−(n−2k)/n(n−2k)
(
n− 1
k − 1
)
1
2
(−c)k−1
∫
M
ϕ¯(4ncϕ¯+∆ϕ¯)dvg, (12.6)
where c = scal(g)/(4n(n−1)). In particular, if 2k < n and scal(g) > 0, then (−1)kF˜2k
has a local minimum at g.
If scal(g) > 0, 2k < n and (Mn, g) is not isometric to a (rescaled) round sphere Sn,
the right-hand side of (12.6) vanishes iff ϕ¯ = 0, i.e., iff ϕ is constant. Therefore, in this
case, the functional (−1)kF˜2k has a strict minimum (modulo rescalings). The special
case k = 3 of this result is due to Guo and Li [GL09].
Next, we outline the arguments which prove an analogous result for the renormalized
volume functional Vn(g+; g).
We start by recalling the definition of Vn(g+; g) following [G00]. Assume that (M, c)
is the conformal infinity of a conformally compact Einstein manifold (X, g+). Then for
any choice of g ∈ c there is a boundary defining function 0 < r ∈ C∞(X) so that
g+ = r
−2(dr2 + g(r)) near the boundary M and g(0) = g. Let
V(g+; g)
def
= FPε=0
∫
r>ε
dvg+. (12.7)
For more details see [G00], [BJ10]. As noted in [A09], this Hadamard regularization of
the volume
∫
X
dvg+ coincides with the Riesz regularization
FPλ=0
∫
X
rλdvg+.
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Theorem 12.2 ([CFG12]). Let (Mn, g) be a closed unit volume Einstein manifold of
even dimension n ≥ 4. Assume that (Mn, [g]) is the conformal infinity of a Poincare´-
Einstein manifold (Xn+1, g+). Then the restriction of the renormalized volume functional
Vn(g+; ·) to the set [g]1 is critical at g and the second variation at g is given by
V••n [ϕ] = (−c)
n
2
−11
2
(
n− 1
n
2
− 1
)∫
M
ϕ(4ncϕ+∆ϕ)dv. (12.8)
Proof. By the general variational formula
V•n[ϕ] =
∫
M
ϕvndv
(see [G00]) and the arguments in the proof of Theorem 12.1, it suffices to prove that
v•n[ϕ] = (−c)
n
2
−11
2
(
n− 1
n
2
− 1
)
(4ncϕ+∆ϕ)
at the Einstein metric g0. But this is a consequence of Theorem 8.1, (12.2) and (12.3). 
Again, Theorem 12.2 implies that (−1)
n
2 Vn(g+; ·) has a local minimum at g if scal(g) >
0 and Vn(g+; · has a local maximum at g if scal(g) < 0. The latter results also appear
in [GMS12] (Lemma 4.4).22
We continue with an analogous discussion of the functional
∫
M
a(2,n−2)dv.
We first recall that the functional
W (r; g)
def
=
∫
M
(w˙(r))2dvg (12.9)
is critical at Einstein metrics. This follows from Theorem 1.6 and the fact that v(r) is
constant for Einstein metrics.
Theorem 12.3. Let (Mn, g) be a closed Einstein manifold of even dimension n ≥ 4.
Assume that g has non-zero scalar curvature. Then the restriction of the (integrated)
critical heat kernel coefficient a(2,n−2) to the full conformal class c = [g] has a local
extremum at g. More precisely,
• (−1)
n
2
−1
∫
M
a(2,n−2)dv has a local maximum at g if scal(g) > 0, and
•
∫
M
a(2,n−2)dv has a local minimum at g if scal(g) < 0.
If (Mn, g) is not isometric to a (rescaled) round sphere then the extreme values are strict
(modulo rescaling).
We recall that the total integral of a(2,n−2) is invariant under rescalings (see (1.19)).
Proof. The proof rests on a formula for the second conformal variation of the functional∫
M
a(2,n−2)dv
22However, the arguments in [GMS12] are flawed by the fact that the Hessian of the restriction of
Vn to [g0]1 is incorrectly calculated using paths of the form e
tϕg0. For the round sphere S
n, this has
the effect that the incorrect Hessian does not have the infinitesimal conformal factors of conformal
diffeomorphisms in its kernel.
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at an Einstein metric. By Theorem 1.8, this functional equals the sum of
Vn = −
n2
6
∫
M
vndv
and
Wn−2 =
∫
M
(w˙(r))2n−2dv.
Since the functional Vn is conformally invariant, it only remains to determine the second
conformal variation of Wn−2 at Einstein metrics. For this purpose, we need the following
result.
Proposition 12.2. Let g be an Einstein metric and let γ(t) = e2ϕ(t)g be a curve in the
full conformal class of g so that ϕ(0) = 0, ϕ′(0) = ϕ. Then
(∂2/∂t2)|0(Wn−2(γ(t))) =
1
2
(
n− 4
n
2
− 2
)
(−c)
n
2
−2
∫
M
ϕ∆(4cn+∆)(ϕ)dvg, (12.10)
where c = scal(g)/(4n(n−1)) and ∆ = −δd.
Proof. We note that
(∂2/∂t2)|0(W (r; γ(t)))
= (∂/∂t)|0((∂/∂t)(W (r; γ(t)))) = (∂/∂t)|0((∂/∂s)|0(W (r; γ(t+ s)))).
We evaluate the latter derivative at an Einstein metric. By Theorem 1.6 and Lemma
8.1, we find that (∂2/∂t2)|0(W (r; γ(t))) is the sum of the two terms
(n−2−r∂/∂r)(∂/∂t)|0
(∫
M
ϕ′(t)w˙2(r; γ(t))dvγ(t)
)
(12.11)
and
−
1
2
r
∫
M
ϕδg(g
−1(r)v(r))d((v˙/v(r))•[ϕ])dvg. (12.12)
Here we utilized the fact that, for an Einstein metric, v(r) is constant on M and thus
(v˙/v)(r) is annihilated by d. Now the first term does not contribute to the homogeneous
part Wn−2. Thus, it only remains to analyze the corresponding contribution by the
second term. But, for an Einstein metric g, (12.12) simplifies to
1
2
r(1−cr2)n−2
∫
M
ϕ∆g((v˙/v(r))
•[ϕ])dvg.
Next we prove that
((v˙/v)(r))•[ϕ] = r(1− cr2)−2(4cn+∆)(ϕ), ∆ = −δd. (12.13)
For that purpose, we combine Theorem 8.1 and its consequence
(v˙)•[ϕ] = −ϕ(v˙ + rv¨)− δ(L˙dϕ)
with the formula (
v˙
v
)•
[ϕ] =
(v˙)•[ϕ]
v
−
v˙
v2
v•[ϕ].
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We find that (
v˙
v
)•
[ϕ] = ϕ
(
r
v˙2
v2
− r
v¨
v
−
v˙
v
)
−
1
r
δ(L˙dϕ) +
v˙
v2
δ(Ldϕ).
Now (12.13) follows from this formula by a direct calculation using (12.2) and (12.3).
The assertion follows by combining these results. 
Now by combining Proposition 12.2 with the spectral decomposition of ∆ on M , we
deduce the following facts.
1. Let scal(g) < 0. Then c < 0 and the integral on the right-hand side of (12.10) is
strictly positive except for constant ϕ.
2. Let scal(g) > 0. Then c > 0. If (Mn, g) is not isometric to a (rescaled) round
sphere, then Obata’s estimate λ1 > scal(g)/(n−1) for the smallest non-trivial
eigenvalue λ1 of −∆ implies that the integral on the right-hand side of (12.10)
is strictly positive for non-constant ϕ. If (Mn, g) is isometric to a (rescaled)
round sphere, then the right-hand side of (12.10) vanishes for constant ϕ and
ϕ ∈ ker(∆ + λ1).
In all cases, non-trivial kernels of the right-hand side of (12.10) reflect obvious invariance
properties of Wn−2 (under rescalings and conformal diffeomorphisms). This proves the
assertions. 
Finally, we discuss the extremal behaviour of the functionals
W2k(g) =
∫
M
(w˙(r))22kdvg, 2k 6= n− 2
at Einstein metrics.
Theorem 12.4. Let (Mn, g) be a closed unit volume Einstein manifold of dimension
n ≥ 3. Assume that scal(g) > 0 and let 2k < n− 2. Then the restriction of the
functional (−1)kW2k to c1 = [g]1 has a local maximum at g. Similarly, if scal(g) < 0 and
2k > n−2, the restriction of the functional W2k to c1 has a local minimum at g. In the
case scal(g) > 0, the local maximum is strict unless (Mn, g) is isometric to a (rescaled)
round sphere.
Proof. In the following, we shall use the notation of the proof of Theorem 12.2. That
proof shows that the second conformal variation
(∂2/∂t2)|0(W (r; γ(t)))
is the sum of (12.11) and (12.12). The first of these two terms equals
(n−2−r∂/∂r)
(∫
M
[(ψ + nϕ2)w˙2(r) + ϕ(∂/∂t)|0(w˙
2(r; γ(t)))]dvg
)
.
Since the path γ(t) consists of unit volume metrics and w˙2(r) is constant on M , this
contribution simplifies to
(n−2−r∂/∂r)
(∫
M
ϕ(w˙2(r))•[ϕ]dvg
)
. (12.14)
Now the proof of Theorem 1.6 in Section 8 shows that at general metrics
4(w˙2(r))•[ϕ] = (−2v˙/vδ(L˙dϕ) + (v˙/v)2δ(Ldϕ)− 2v˙/v(∂/∂r)(rv˙)ϕ+ (v˙/v)2rv˙ϕ).
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But a calculation using (12.2) and (12.3) shows that for an Einstein metric the latter
sum simplifies to
−2n(2cr2−nc2r4)(1−cr2)n−3(4cn+∆)(ϕ).
For k > 1, the coefficient of r2k in the r-expansion of this sum equals
(−c)k2n
(
2
(
n− 3
k − 1
)
+ n
(
n− 3
k − 2
))
(4cn+∆)(ϕ);
the same formulas holds true also for k = 1 with the convention that the second binomial
coefficient vanishes. Hence (12.14) contributes by
(n−2−2k)(−c)k
n
2
(
2
(
n− 3
k − 1
)
+ n
(
n− 3
k − 2
))∫
M
ϕ(4cn+∆)(ϕ)dvg (12.15)
to the second variation of W2k at g. Next, by arguments as in the proof of Proposition
12.2, (12.12) yields
r2
2
(1−cr2)n−4
∫
M
ϕ∆(4cn+∆)(ϕ)dvg.
This term contributes by
1
2
(
n− 4
k − 1
)
(−c)k−1
∫
M
ϕ∆(4cn+∆)(ϕ)dvg (12.16)
to the second variation of W2k at g.
Now assume that scal(g) > 0 and that (Mn, g) is not isometric to a (rescaled) round
sphere. Then Obata’s estimate λ1 > scal(g)/(n−1) = 4cn implies that the integrals
in (12.15) and (12.16) are negative and non-negative, respectively. Thus, in the case of
positive scalar curvature, the second variation of (−1)kW2k at g is negative if 2k < n−2.
Similarly, if scal(g) < 0, the second variation of W2k at g is positive if 2k > n− 2. This
proves the assertions in this case. Finally, by the same arguments as in the proof of
Theorem 12.1, the assertions hold true also if (Mn, g) is isometric to a (rescaled) round
sphere . 
Note that if scal(g) < 0 and 2k < n − 2, the contributions (12.15) and (12.16) have
opposite signs, and there is no analogous result.
For explicit formulas for the low-order scalar Riemannian invariants ω2k = (w˙(r))
2
2k
in terms of renormalized volume coefficients we refer to Section 14.9.
13. Further results, comments and open problems
In the present section, we briefly discuss a number of further results and point out
some open problems.
13.1. Global conformal invariants. Theorem 1.4 yields a sequence of conformal vari-
ational integrals. These are defined by integration of local Riemannian invariants which
are given by correcting the sub-leading heat kernel coefficient a2(r) of H(r) by (w˙(r))
2.
In fact, for even n and 2k < n−2, Theorem 1.4 implies that the functional
g 7→
∫
M
Λ2k(g)dvg
/(∫
M
dvg
)n−2−2k
n
(13.1)
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is critical at g in the conformal class of g iff
Λ2k(g) = constant
(see also the discussion in Section 12). In the same way, a0(r) = v(r) and Theorem 1.3
show that the Taylor coefficients of a0(r) give rise to a sequence of conformal variational
integrals. In this case, no correction terms are needed. Of course, Theorem 1.8 tells that
the resulting two sequences essentially coincide.
It is natural to ask for generalizations of these results to all heat kernel coefficients
of H(r). Similarly, as for a2(r), this leads to the problem of finding local conformal
primitives of the coefficients in the asymptotic expansion (for t → 0) of the restriction
C (x, x, t; r) to the diagonal of the smooth kernel of the operator
C (t; r) =
1
2pii
∫
Γ
[R(λ), [R(λ), H˙(r)]]e−tλdλ.
More precisely, let ∑
k≥0
a(2j,2k)r
2k and
∑
k≥1
c(2j,2k)r
2k−1
be the respective Taylor expansions of a2j(r) for j ≥ 0 and c2j(r) for j ≥ 1; we recall
that c0 = 0 (see also (5.8)). The relation (5.6) implies the conformal variational formula(∫
M
a(2j,2k)dv
)•
[ϕ] = (n−2j−2k)
∫
M
ϕa(2j,2k)dv −
1
2
∫
M
ϕc(2j,2k)dv. (13.2)
We rephrase that relation by saying that a(2j,2k) is a local conformal primitive of−1/2c(2j,2k).
It follows that
the difference of a(2j,2k) and any other local conformal primitive of −1/2c(2j,2k)
(in the described sense) is a non-trivial Riemannian invariant Λ(2j,2k) so that(∫
Mn
Λ(2j,2k)dv
)•
[ϕ] = (n−2j−2k)
∫
Mn
ϕΛ(2j,2k)dv. (13.3)
In particular for even n and 2 ≤ 2j ≤ n− 2 the integrals∫
Mn
Λ(2j,n−2j)dv
are conformally invariant.
13.2. Spectral zeta functions. The sub-critical renormalized volume coefficients v2k
(for 2k ≤ n− 2) have local conformal primitives given by multiples of v2k, respectively.
In contrast, for even n, the critical renormalized volume coefficient vn is the conformal
anomaly of the non-local renormalized volume functional (see (12.7)):
(d/dt)|0(Vn(g+; e
2tϕg)) =
∫
Mn
ϕvn(g)dvg.
This fact may be regarded as an analog of the fact that the (logarithm of the) non-local
functional determinant of the conformal Laplacian is a conformal primitive of the critical
heat kernel coefficient an:
(log det(−P2(g)))
•[ϕ] = −2
∫
Mn
ϕan(g)dvg (13.4)
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(see [PR87], [BO86])23; here we assume that the kernel of P2(g) is trivial.
We briefly recall the definition of the functional determinant det(−P2). Assume that
the spectrum of −P2 consists only of positive eigenvalues λk. Then the spectral zeta
function
ζ(s)
def
=
∑
k
λ−sk , ℜ(s) > n/2
admits a meromorphic continuation to C with at most simple poles off s = 0. Since the
continuation of ζ(s) is holomorphic at s = 0, it can be used to define the determinant
of −P2 by the formula
det(−P2)
def
= exp(−ζ ′(0)). (13.5)
In general, −P2 has a non-trivial kernel and finitely many negative eigenvalues. The
definition of the determinant extends to that case by
det(−P2) = (−1)
#(negative eigenvalues) exp(−ζ ′(0))
with the modified zeta function
ζ(s)
def
=
∑
λk 6=0
|λk|
−s, ℜ(s) > n/2.
It is natural to look at the analogy between the determinant and the renormalized
volume from the perspective of the two-parameter spectral zeta-function
ζ(r; s)
def
= Tr((−H(r))−s) =
1
Γ(s)
∫ ∞
0
ts−1Tr(etH(r))dt, ℜ(s) > n/2; (13.6)
here we assume again that the spectrum of −H(r) consists only of positive eigenvalues
λk(r) (for sufficiently small r). Then
ζ(r; s) =
∑
k
1
λk(r)s
, ℜ(s) > n/2.
Again, by standard arguments, the function ζ(r; s) admits a meromorphic continuation
to C (in the variable s) with at most simple poles s 6= 0. Obviously, ζ(0; s) coincides
with the spectral zeta-function of the conformal Laplacian P2.
Now we consider the behaviour of ζ(s) = ζ(0; s) near s = 0. The constant term in the
Laurent series
ζ(s) = ζ(0) + sζ ′(0) + s2(·)
near s = 0 satisfies
ζ(0) =
∫
M
andv.
The conformal variational formula for the trace of the heat kernel implies that
ζ(s)•[ϕ] = 2sζ(ϕ; s) (13.7)
with the local zeta function
ζ(ϕ; s)
def
=
1
Γ(s)
∫ ∞
0
ts−1Tr(ϕetH(0))dt, ℜ(s) > n/2
23In the present section we absorb the coefficient (4pi)−
n
2 into the definition of the heat kernel coef-
ficients. In particular, with this convention, an ∈ C
∞(M) denotes the constant term in the asymptotic
expansion of the restriction to the diagonal of the heat kernel of P2.
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of the conformal Laplacian H(0) = P2. Hence, by the conformal invariance of ζ(0), we
find that
s(ζ ′(0))•[ϕ] + s2(·) = 2sζ(ϕ; s).
Thus
ζ ′(0)•[ϕ] = 2
∫
M
ϕandv. (13.8)
This is the basic argument which yields the infinitesimal Polyakov formula (13.4).
Next, we consider the behaviour of ζ(r; s) near s = n/2. The conformal variational
formula in Theorem 1.2 shows that for ℜ(s) > n
2
ζ(r; s)•[ϕ] =
1
Γ(s)
∫ ∞
0
ts−1Tr(etH(r))•[ϕ]dt
equals
1
Γ(s)
(
− 2
∫ ∞
0
ts(∂/∂t)(Tr(ϕetH(r)))dt−
r
2
∫ ∞
0
ts Tr(ϕ(H˙(r)etH(r) + etH(r)H˙(r)))dt
)
.
By the arguments on page 11 (and partial integration in the first integral), the latter
sum can be rewritten as
2s
Γ(s)
∫ ∞
0
ts−1Tr(ϕetH(r))dt−
r
Γ(s)
∫ ∞
0
ts−1(∂/∂r)(Tr(ϕetH(r)))dt, (13.9)
up to the double-commutator term
−
1
Γ(s)
r
2
∫ ∞
0
ts−1
∫
M
ϕ(x)C (x, x, t; r)dvdt. (13.10)
We interpret the sum in (13.9) in terms of local zeta functions as
(2s−r∂/∂r)ζ(ϕ; r; s).
Now we restrict the considerations to conformal variations at an Einstein metric g0.
This has two effects: 1. the holographic Laplacian H(r; g) is defined for all metrics g in
the conformal class [g0] to all orders in r, and 2. the double commutator term (13.10)
vanishes at g0. It follows that the conformal variation of the zeta function at an Einstein
metric is given by the formula
ζ(r; s)•[ϕ] = (2s−r∂/∂r)ζ(ϕ; r; s), ℜ(s) > n/2. (13.11)
This relation generalizes (13.7).
Now let n be even. We expand ζ(r; s) in the variable r:
ζ(r; s) = ζ0(s) + r
2ζ2(s) + · · ·+ r
nζn(s) + · · · . (13.12)
A similar expansion of the local zeta function ζ(ϕ; r; s) defines ζn(ϕ; s). Now (13.11)
implies
ζn(s)
•[ϕ] = (2s− n)ζn(ϕ; s). (13.13)
The residue of ζ(r; s) at s = n/2 is proportional to the total integral of a0(r), i.e., to the
total integral of v(r). Hence the function ζn(s) has a Laurent series of the form
ζn(s) =
resn
2
(ζn)
s− n
2
+ Z(0,n) +O(s−n/2)
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near s = n
2
with a residue which is proportional to the total integral of vn. Similarly,
the residue of ζn(ϕ; s) at s = n/2 is proportional to
∫
M
ϕvndv. We recall that the
total integral of vn is conformally invariant. Therefore, the relation (13.13) implies the
variational formula
Z•(0,n)[ϕ] = 2cn
∫
Mn
ϕvndv, c
−1
n =
(n
2
−1
)
!(4pi)
n
2 (13.14)
at an Einstein metric. Since vn is constant at Einstein metrics, (13.14) implies that,
under volume preserving conformal variations, the functional Z(0,n) is critical at Einstein
metrics.
The above observation admits the following generalization to all critical heat kernel
coefficients a(2j,n−2j). For j = 0, . . . , n/2− 1, the function ζ(r; s) has a Laurent series of
the form
ζ(r; s) =
resn
2
−j(ζ(r; ·))
s− (n
2
− j)
+ Zj(r) +O(s−n/2 + j)
near s = n/2 − j. Let Zj(r) = Z(j,0) + r
2Z(j,2) + · · · + r
nZ(j,n) + · · · . In these terms,
(13.11) implies the variational formulas
resn
2
−j(ζ2k(·))
•[ϕ] = (n−2j−2k) resn
2
−j(ζ2k(ϕ; ·)) (13.15)
and
Z•(j,n−2j)[ϕ] = 2 resn2−j(ζn−2j(ϕ; ·)) (13.16)
at Einstein metrics. Since the residue resn
2
−j(ζ2k(ϕ; ·)) is proportional to∫
Mn
ϕa(2j,2k)dv,
(13.15) just restates (5.6) for Einstein metrics.
Now let n ≥ 3 be odd. In this case, the functions s 7→ ζ(r, s) and s 7→ ζ(ϕ; r, s) are
regular at
s ∈ {0, 1, . . . , (n− 1)/2, . . . }.
The relation (13.11) implies that the restriction of all zeta-values
ζ2k(k) for k ∈ {0, 1, . . . , (n− 1)/2, . . . } = N0 (13.17)
to the conformal class of an Einstein metric g are critical at g. This result extends the
well-known conformal invariance of the zeta-value ζ(0) = ζ0(0) in odd dimensions. Note
that the function ζ2(s) is given by the weighted Dirichlet series
−s
∑
k
λ˙k(0)
λk(0)
1
λk(0)s
, ℜ(s) > n/2,
where λ˙k = ∂λk/∂(r
2). It is an interesting open problem to study the second variation
of the zeta values ζ2k(k) at Einstein metrics.
An extension of the above results to general metrics would require a proper under-
standing of the term (13.10) (being holomorphic at s = n/2 in view of c0 = 0). In this
direction, it would be of interest to characterize the metrics for which the zeta values
ζ2k(k) (for odd n and k ∈ N0) are critical in its conformal class.
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Finally, we emphasize that in odd dimensions the functionals
g 7→ ζ2k(k; g)
are scale-invariant. In fact, (1.12) shows that
ζ(r; s;λ2g) = λ2sζ(r/λ; s; g).
Hence
ζ2k(k;λ
2g) = ζ2k(k; g).
The latter observation should be regarded as a natural analog of the scale-invariance of
the total integrals of the critical heat kernel coefficients a(2j,n−2j) in even dimensions (see
(1.19)).
13.3. A heat kernel proof of the variational formula of v(r). We have seen in
Section 6 that the conformal variational formulas for the integrated renormalized volume
coefficients (Theorem 1.3) are consequences of the variational formula for the trace of the
heat kernel of H(r; g) (Theorem 1.2). The proof of Theorem 1.2 itself rests on Theorem
1.1. But Theorem 1.1 actually implies also a conformal variational formula for the local
(i.e., non-integrated) leading heat kernel coefficient a0(r; g) ∈ C
∞(M) of H(r; g). In
fact, a version of Lemma 5.1 states that the variation
(∂/∂ε)|0(exp(tH(r; e
2εϕg))) (13.18)
equals the sum
1
2
t((∂/∂ε)|0(H(r; e
2εϕg))etH(r;g) + etH(r;g)(∂/∂ε)|0(H(r; e
2εϕg)))
−
1
2
1
2pii
∫
Γ
[R(λ), [R(λ), (∂/∂ε)|0(H(r; e
2εϕg))]]e−tλdλ. (13.19)
We determine the coefficients of (4pit)−n/2 in the asymptotic expansions for t→ 0 of the
restriction to the diagonal of the kernels of both sides of this identity. On the one hand,
for (13.18) we obtain
(∂/∂ε)|0(a0(r; e
2εϕg)) + nϕa0(r; g).
On the other hand, the integral in (13.19) has an asymptotic expansion which starts
with a multiple of (4pit)−n/2t. Therefore, only the first two terms in (13.19) contribute.
Since H(r; g) and (∂/∂ε)|0(H(r; e
2εϕg)) are self-adjoint, the contributions by these two
terms coincide with the contribution by
t((∂/∂ε)|0(H(r; e
2εϕg))etH(r;g).
Hence, by Theorem 1.1, it only remains to determine the corresponding coefficient in
the asymptotic expansion of the restriction to the diagonal of the kernel of the operator
−
1
2
rt(ϕH˙(r; g) + H˙(r; g)ϕ)etH(r;g) − 2tϕH(r; g)etH(r;g)
+
(n
2
− 1
)
t[H(r; g), ϕ]etH(r;g) − t[H(r; g), [K(r; g), ϕ]]etH(r;g). (13.20)
By Lemma 5.1, the sum of the contributions by the kernels of the operators in the first
line of (13.20) coincides with that of the kernel of
−ϕr(∂/∂r)(etH(r;g))− 2tϕ(∂/∂t)(etH(r;g)).
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Thus, the kernels of the operators in the first line of (13.20) contribute by
−ϕr(∂/∂r)(a0(r; g)) + nϕa0(r; g)
to the coefficient of (4pit)−n/2. Now, since the first term in the second line of (13.20)
does not contribute to that coefficient, we have proved the relation
(∂/∂ε)|0(a0(r; e
2εϕg)) = −ϕr(∂/∂r)(a0(r; g))− κ0(r; g;ϕ), (13.21)
where κ0(r; g;ϕ) defines the leading coefficient in the asymptotic expansion of the re-
striction to the diagonal of the kernel of
t[H(r; g), [K(r; g), ϕ]](exp(tH(r; g))),
i.e.,
t[H(r; g), [K(r; g), ϕ]](exp(tH(r; g)))|y=x ∼ (4pit)
−n
2 (κ0(r; g;ϕ) +O(t)) (13.22)
for t→ 0. Hence by combining the relation a0(r) = v(r) with the formula
κ0(r; g;ϕ) = δg(v(r)
∫ r
0
sg(s)−1dsdϕ) (13.23)
we complete the heat kernel proof of Theorem 8.1. In the following, we shall outline
the arguments which prove (13.23).
We start with a discussion of the special case of conformal variations of renormalized
volume coefficients at the round metric g0 on S
n. In that case, the double-commutator
term [H(r; g), [K(r; g), ϕ]] reduces to
r2
4
(1−r2/4)−3[∆g0, [∆g0 , ϕ]].
(see the discussion in Section 3). Moreover, the off-diagonal expansion of the heat kernel
exp(tH(r; g0))(x, y) = exp(t(1−r
2/4)−2P2(g0))(x, y), x ∼ y
for t→ 0 starts with
(4pit)−
n
2 (1−r2/4)n exp(−d(x, y)2/(4t(1−r2/4)−2))a0(x, y)
with a0(x, x) = 1; here d(·, ·) denotes the distance function of g0. Hence the identity
[∆, [∆, ϕ]](u) = 4(Hess(ϕ),Hess(u)) + lower-order terms
and the general formula
Hessx(exp(−d
2(x, y)/4t))|y=x = −1/2tgx (13.24)
imply that the leading coefficient in the asymptotic expansion of (13.22) equals
−(4pit)−
n
2
r2
2
(1−r2/4)n−1 tr(Hess(ϕ)) = −(4pit)−
n
2
r2
2
(1−r2/4)n−1∆(ϕ).
Thus, we find
κ0(r; g;ϕ) = −
r2
2
(1−r2/4)n−1∆(ϕ).
Now an easy calculation shows that the latter result coincides with
δ(v(r)
∫ r
0
sg(s)−1dsdϕ).
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Hence (13.21) reads
v(r)•[ϕ] = −ϕrv˙(r)− δ(v(r)
∫ r
0
sg(s)−1dsdϕ).
This is a special case of Theorem 8.1.
Finally, we outline the arguments which prove (13.23) in the general case. On general
grounds, the differential operator [H(r; g), [K(r; g), ϕ]] is only second-order. It suffices to
determine its leading part. For that purpose, we use Lemma 8.1 to write the operators
H(r; g) and K(r; g) in the form
H(r; g) = v(r)δg(r)(v(r)
−1d) + potential
and
2K(r; g) = v(r)δg(r)(v(r)
−1E(r)d) + potential,
where E(r) is the endomorphism
E(r)
def
= g(r)
∫ r
0
sg(s)−1ds
on Ω1(M). Now a (long) calculation shows that
[H(r; g), [2K(r; g), ϕ]](u) = 4(∇g(r)(E(r)dϕ),Hessg(r)(u))g(r) + lower-order terms.
Hence the relation (13.24) (for g(r)) implies that
t[H(r; g), [K(r; g), ϕ]]x(exp(−d
2(r)(x, y)/4t))|y=x = δg(r)(E(r)dϕ),
where d(r) denotes the distance function of g(r). By Lemma 8.1 and the definition of
E(r), the latter result coincides with
v(r)−1δg(v(r)
∫ r
0
sg(s)−1dsdϕ).
Since the off-diagonal asymptotic expansion of the heat kernel of H(r; g) starts with
(4pit)−
n
2 v(r) exp(−d2(r)(x, y)/4t)(a0(r; g)(x, y) +O(t)), t→ 0
with a0(r; g)(x, x) = 1,
24 the above results prove the formula (13.23). This completes
the heat kernel proof of Theorem 8.1.
13.4. Hessians. Although the variational formulas for the integrated renormalized vol-
ume coefficients and the integrated heat kernel coefficients have a similar structure, the
second conformal variations of these functionals reveal important differences. On the one
hand, we have seen in Section 12 that the (conformal) Hessian forms of the functionals
F2k =
∫
M
v2kdv, k = 1, . . . , n/2− 1
at Einstein metrics are quadratic forms which are given by a second-order differential
operator (see (12.5)). For even n, a natural substitute for the conformally invariant
integral Fn is given by the renormalized volume V(g+; ·). The structure of the Hessian
form of this functional at Einstein metrics is similar to that of the Hessian forms of
F2k (Theorem 12.2). On the other hand, for the functional determinant of P2, the
24Here we use that H(r; g) is a Laplace-type operator for g(r). We also recall that we define its
kernel by integration against the volume of g. This brings in the additional factor v(r).
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following conjecture extrapolates from results in low dimensions. For the definition of
the determinant we refer to Section 13.2.
Conjecture 13.1. Let Mn be a closed manifold of even dimension n ≥ 4 with a locally
conformally flat Einstein metric g of unit volume. Assume that ker(P2(g)) is trivial.
Then the restriction of the functional log det(−P2) to [g]1 is critical at g and its second
variation at g is given by
(4pi)
n
2 (log det(−P2))
••[ϕ] = (−1)
n
2
+1
∫
Mn
ϕ(∆ + 4nc)Πn−2(c;−∆)(ϕ)dv (13.25)
for some real polynomial λ 7→ Πn−2(c;λ) of degree n/2− 1 so that
Πn−2(ac; aλ) = a
n
2
−1Πn−2(c;λ), a ∈ R.
Here ∆ = −δd is the non-negative Laplacian and c = scal(g)/(4n(n− 1)). Moreover, if
c > 0, we have
Πn−2(c;λ) > 0 for 0 < λ ∈ σ(−∆). (13.26)
Some comments are in order. The factor ∆ + 4nc reflects the invariance of the func-
tional under conformal diffeomorphism of the round sphere. In low dimensions, Conjec-
ture 13.1 is supported by the results in Section 14.5.
The positivity (13.26) for scal(g) > 0 would imply that the restriction of log det(−P2)
to [g]1 has a local maximum or local minimum at g if n ≡ 2 mod 4 or n ≡ 0 mod 4,
respectively. For the round sphere Sn, the latter max/min-pattern would correspond
to the deeper (conjectural) global behaviour of the determinant of P2 on the conformal
class of the round metric [B96], [B07].
In order to describe the relation of Conjecture 13.1 to well-known conjectures, we
recall that on a locally conformally flat manifold (Mn, g) of even dimension n ≥ 4 and
with ker(P2) = 0, it is expected that [BG08]
log
(
det(−P2(gˆ))
det(−P2(g))
)
= a
∫
Mn
(
1
2
(−1)
n
2ϕPn(g)(ϕ) +Qn(g)ϕ
)
dvg
+
∫
Mn
(F (gˆ)dvgˆ − F (g)dvg) . (13.27)
Here gˆ = e2ϕg, a is a non-vanishing real constant, Qn is the critical Q-curvature and
F is some local scalar Riemannian invariant.25 A basic feature of this global Polyakov
formula for P2 is that it connects the determinant with Q-curvature. In this connection,
we also note that the first integral on the right-hand side of (13.27) can be written in
the form
1
2
∫
Mn
ϕ(Qn(gˆ)dvgˆ +Qn(g)dvg).
Explicit formulas for a and the invariant F are only known for n ≤ 6. In particular, in
dimension n = 4 we have
a = (4pi)−2
1
45
and F = (4pi)−2
1
45
J
2
25The sign (−1)
n
2 in (13.27) is due to the convention Pn = ∆
n
2 + · · · with ∆ = −δd.
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(see Section 14.6). In the situation of Conjecture 13.1, the formula (13.27) implies that,
for volume preserving conformal variations γt = e
2ϕtg with ϕt = tϕ + . . . , the second
variational formula reads
(log det(−P2))
••[ϕ] = aHQ(ϕ) +HF (ϕ)
with the quadratic form
HQ(ϕ) =
∫
Mn
ϕ((−1)
n
2Pn − nQn)(ϕ)dv.
Thus, in order to study extremal values of the determinant of P2 in the volume preserving
conformal class of an Einstein metric g, it is important to understand the definiteness
of the quadratic forms HQ and HF . While we shall see below that for HQ this is easy in
general dimensions, the Hessian HF is subtle and its study requires additional structural
insight.
The positive semi-definiteness ofHQ at an Einstein metric g of positive scalar curvature
can be seen as follows. For an Einstein metric g, Pn and Qn are given by
Pn(g) =
n−1∏
j=n
2
(∆g − j(n−1−j) scal(g)/(n(n−1))), ∆g = −δgd
and
Qn(g) = (n−1)! (scal(g)/(n(n−1)))
n
2
(see [G06] and [J09a], Section 6.16). It follows that the difference
(−1)
n
2Pn(g)− nQn(g) = (−1)
n
2Pn(g)− (4c)
n
2 n!
factors into the product of −(∆+4nc) and a polynomial in −∆ with positive coefficients.
Now it suffices to apply Obata’s estimate λ1 ≥ 4nc for the smallest non-trivial eigenvalue
of −∆.
On the sphere Sn, the positive semi-definiteness of HQ actually reflects the fact that
the first integral on the right-hand side of (13.27) is non-negative. In fact, this follows
from an inequality of Beckner (see [B95], section 2). For more details see the proof of
Corollary 14.5.
In Section 12, we have seen that the extremal properties of the total integral of a(2,n−2)
at Einstein metrics (Theorem 12.3) are consequences of a beautiful second variational
formula for Wn−2 (Proposition 12.2). The following conjecture extends this to the total
integrals off all critical heat kernel coefficients.
Conjecture 13.2. Let Mn be a closed manifold of even dimension n ≥ 4 with a locally
conformally flat Einstein metric g. Then for k = 1, . . . , n/2 − 1 the restriction of the
functional ∫
Mn
a(2k,n−2k)dv
to [g] is critical at g and its second variation at g has the form
c
n
2
−k−1(−1)
n
2
∫
Mn
ϕ∆(∆+ 4nc)H2k−2(c;−∆)(ϕ)dv, ∆ = −δd (13.28)
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with a polynomial λ 7→ H2k−2(c;λ) of degree k − 1 so that
H2k−2(ac; aλ) = a
k−1H2k−2(c;λ), a ∈ R.
Moreover, if c > 0, we have
H2k−2(c;λ) > 0 for 0 < λ ∈ σ(−∆).
The results in Section 14.11 confirm the special case (n, k) = (6, 2). Again, the factors
∆ and ∆+4nc reflect the scale-invariance of the functional and on the round sphere its
invariance under conformal diffeomorphisms, respectively.
Finally, we emphasize that according to Theorem 12.2, Conjecture 13.1 and Conjecture
13.2 the Hessian forms of the functionals Vn(g+, ·), log det(−P2) and of the total integrals
of a(2k,n−2k) at positive Einstein metrics are all positive or negative semi-definite if n ≡ 0
mod 4 or n ≡ 2 mod 4, respectively.
13.5. Spectral geometry. Spectral geometry studies the relations between the spec-
trum of the Laplace-Beltrami operator of a Riemannian manifold and the geometry of
the underlying metric. In particular, it is of central interest to understand which geo-
metric quantities are determined by the spectrum and to describe the sets of metrics
for which the corresponding Laplace-Beltrami operators have the same spectrum (the
so-called isospectral problem). In this context, spectral invariants like the heat kernel
coefficients play an important role [GPS05], [Zeld07].
Analogous questions may be asked for other geometric operators like the conformal
Laplacian and the Dirac operator. In addition, the present paper suggests to study
inverse spectral problems for the holographic Laplacian H(r; g). In the latter case, the
spectrum consists of an infinite sequence λk(r) of eigenvalues depending on a small
parameter r. The asymptotic expansion∑
k
etλk(r) ∼ (4pit)−
n
2
∑
j≥0
tj
∫
M
a2j(r; g)dvg, t→ 0
shows that the (integrated) heat kernel coefficients of H(r; g) are spectral invariants.
From the perspective of spectral geometry, the presence of the parameter r gives rise
to new effects. We illustrate the new quality of the situation by some examples of
spectrally determined quantities. For that purpose, we recall that the integrated heat
kernel coefficient a4 of the Laplace-Beltrami operator is a multiple of∫
M
(2|R|2 − 2|Ric |2 + 5 scal2)dv
(see Section 14.2). Although this integral is a spectral invariant, it is well known that
the three quantities ∫
M
scal2 dv,
∫
M
|Ric |2dv and
∫
M
|R|2dv (13.29)
are not determined by the spectrum of the Laplacian (see Section 5.2 of [GPS05]). On the
other hand, (1.30) and Theorem 1.8 show that the first two of the integrated heat kernel
coefficients of H(r; g) are given by the total integrals of polynomials in renormalized
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volume coefficients. In particular, the respective coefficients of r4 and r2 are given by
the integrals ∫
M
v4dv and
∫
M
(2/3(n−8)v4 + v
2
2)dv.
Now the explicit formulas 2v2 = −J, 8v4 = J
2 − |P|2 and Proposition 14.1 (for a4)
imply that all quantities in (13.29) are determined by the spectrum of H(r; g). Similar
arguments using a0(r) = v(r), Theorem 1.8, Proposition 14.13 and Proposition 14.1 (for
a6) show that for locally conformally flat metrics in dimension n 6= 6, 8 the quantities∫
M
J
3dv,
∫
M
J|P|2dv,
∫
M
tr(P3)dv and
∫
M
|dJ|2dv
are determined by the spectrum of H(r; g).
13.6. Relation to Q-curvature. We recall from [B95] that under conformal variations
the total integral of Branson’s Q-curvature Q2N satisfies(∫
Mn
Q2Ndv
)•
[ϕ] = (n−2N)
∫
Mn
ϕQ2Ndv.
Therefore, the relations (13.3) show that under conformal variations the total integrals
of the local Riemannian invariants
v2N , Λ(2,2N−2), · · · , Λ(2N−2,2) and a2N
behave similarly as Q2N . In particular, it is natural to ask for relations among these
invariants.
In the low-order cases N = 1 and N = 2, we find the following (possibly accidental)
results.
Lemma 13.1. We have
Q2 = −
6
n−4
a2
for general metrics and
Q4 =
60a4
n−6
− 4Λ2 (13.30)
for locally conformally flat metrics.
Proof. The first assertion is obvious. By combining
Q4 =
n
2
J
2 − 2|P|2 −∆J and v4 =
1
8
(J2 − |P|2) (see Section 14.5)
with
Λ2 =
2
3
(n−8)v4 (see (1.41))
and the explicit formula for a4 (displayed in Section 14.2), it follows that (13.30) is
equivalent to the obvious identity
6
(n
2
J
2 − 2|P|2 −∆J
)
= ((5n−16)J2 − 2(n−2)|P|2 − 6∆J)− 2(n−8)(J2 − |P|2).
The proof is complete. 
Further results in this direction may help to clarify the relation between heat kernel
coefficients of the conformal Laplacian and Q-curvatures.
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13.7. First-order perturbation. From the perspective of perturbation theory, it seems
natural to perform a systematic study of the properties of the lowest-order perturbation
of the heat kernel coefficients a2k of the conformal Laplacian which are given by the
respective coefficients of r2 in the power series expansions of the coefficients a2k(r). By
Duhamel’s formula, the total integrals of these coefficients are given by the coefficients
in the expansion of
tTr(M4e
tP2)
for t → 0. This expansions contains basic information on the off-diagonal structure of
the heat-kernel coefficients a2k(x, y) of P2. In this connection, the results in [GSZ11] are
relevant.
13.8. Quantization and Einstein condition. Theorem 1.5 may be regarded as a
relation of a quantity which is defined in terms of classical mechanics of the Hamiltonian
H(r; g)(x, ξ) and a quantity the definition of which involves its quantization ∆g(r). It
seems natural to ask whether one can characterize the families g(r) for which the integral
formula (1.35) holds true. What is the role of the Einstein condition for g+ in this
context? We recall that in the given proof of Theorem 1.5 the relation (7.10) plays an
important role, and the proof of this relation uses the Einstein property of g+.
13.9. Non-Laplace-type operators. We emphasize again that H(r; g) is a family of
non-Laplace-type operators for the metric g. The spectral theory of such operators is
much less understood than that of Laplace-type operators. For some pioneering work on
the asymptotic expansion of the trace of the heat kernel of certain classes of elliptic self-
adjoint non-Laplace-type operators we refer to [AB01], [A04]. Although the most serious
problems arise for such operators on sections of vector bundles, already the scalar-valued
case offers substantial difficulties. The cited references use Volterra series (see [BGV92])
to determine the (integrated) leading and sub-leading heat kernel coefficients (partly
under additional conditions on the operators). Although these methods can also be
applied to the operator H(r; g), the corresponding consequences remain to be explored.
14. Appendix
In this section we collect basic material which illustrates and complements the general
theory. We start with explicit displays of the first few terms in the r-expansion of
the holographic Laplacian H(r; g). Then we proceed with a detailed discussion of the
low-order heat kernel coefficients a2, a4, a6 of the conformal Laplacian. Here we review
classical results and provide a new derivation of an explicit formula for a6 (for locally
conformally flat metrics). In this connection, we emphasize a holographic perspective,
i.e., we describe heat kernel coefficients in terms of renormalized volume coefficients. In a
sense, this point of view is dual to the description of renormalized volume coefficients as
heat kernel coefficients (as in Lemma 6.1). The holographic perspective naturally leads
to a discussion of the relation between the functional determinant (of the conformal
Laplacian) and the renormalized volume (in low-order cases), and includes a derivation
of an analog for the renormalized volume of Branson’s conjectural Polyakov formula for
the determinant of P2. Finally, we determine the coefficient of r
2 in the expansion of
the coefficient a4(r).
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14.1. The holographic Laplacian. We display explicit formulas for the first three
terms in the Taylor-expansion of the holographic Laplacian H(r; g) in r. Its main part
is given by −δg(g(r)
−1d). Now the expansion of g(r) starts with
g(r)ij = gij − r
2
Pij + r
41
4
(
P
2
ij−
1
n−4
Bij
)
+ · · · , (14.1)
where P2ij = PikP
k
j and B is the Bach tensor (see [FG12], [J09a]); here we raised indices
using g. It follows that
g(r)−1ij = g
ij + r2Pij + r4
1
4
(
3(P2)ij+
1
n−4
Bij
)
+ · · · . (14.2)
Hence the Taylor-expansion of the main part of H(r; g) starts with
∆− r2δ(Pd)− r4
1
4
δ
(
3P2+
1
n−4
B
)
d (14.3)
(for n ≥ 5). Next, the potential of the holographic Laplacian has the expansion
U(r) =
∑
N≥1
µ2N
1
(N−1)!2
(
r2
4
)N−1
with µ2N =M2N(1).
Calculations show that the first three non-trivial coefficients µ2N are given by the for-
mulas
µ2 = −
(n
2
−1
)
J, µ4 = −J
2−(n−4)|P|2+∆J
and
µ6 = −8
n−6
n−4
(B,P)− 8(n−6) trP3 − 16J|P|2 − 4|dJ|2 + 4∆|P|2 − 16δ(PdJ)
(for n ≥ 5); for details we refer to [J13]. Hence the expansion of the potential of H(r; g)
starts with
− r0
1
2
(n−2)J
+ r2
1
4
(
−J2−(n−4)|P|2+∆J
)
+ r4
1
16
(
−2
n−6
n−4
(B,P)− 2(n−6) trP3 − 4J|P|2 − |dJ|2 +∆|P|2 − 4δ(PdJ)
)
in dimension n ≥ 5. In particular, for general metrics in dimension n = 4, we define
H(r; g) = P2 + r
21
4
(−4δ(Pd)−J2+∆J).
14.2. The heat kernel coefficients a0, a2 and a4. The first three local heat kernel
coefficients of the Laplacian ∆ are given by a0 = 1 and
6a2 = scal,
360a4 = 2|R|
2 − 2|Ric |2 + 5 scal2−12∆ scal, ∆ = δd
Here R and Ric are the curvature tensor and the Ricci tensor of the given metric,
respectively. For proofs of these formulas we refer to [G84]. Detailed proofs of the
integrated versions of the above formulas also can be found in Chapter III of [BGM71].
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Note that the coefficients in these formulas are universal in the dimension n. This is a
consequence of the functoriality of heat kernel coefficients for direct products. 26
By R = W − P ? g, the first three heat kernel coefficients of the Laplacian can be
written in terms of the Weyl tensor W , the Schouten tensor P and its trace J. Then we
obtain a0 = 1 and
3a2 = (n−1)J,
180a4 = −(n−2)(n−6)|P|
2 + (10n2−23n+18)J2 − 12(n−1)∆J+ |W |2.
The analogous formulas for the first three heat kernel coefficients of the conformal
Laplacian read a0 = 1 and
6a2 = −(n−4)J, (14.4)
360a4 = −(n−6)(2(n−2)|P|
2 − (5n−16)J2 − 6∆J) + 2|W |2, ∆ = δd (14.5)
(see [PR87], [BO86] and the references therein). The result for a4 also follows from the
calculations in Section 14.11.
In particular, these explicit formulas imply that for n = 4 and n = 6 the respective
coefficients a2 and a4 are local conformal invariants. Moreover, they confirm that for
n = 2 and n = 4 the respective total integrals of a2 and a4 are global conformal invariants
(conformal indices). In fact, we have∫
M4
a4dv = −1/45
∫
M4
(J2−|P|2)dv + 1/180
∫
M4
|W |2dv,
and both of the latter integrals are conformally invariant. Using
χ(M4) =
1
32pi2
∫
M4
(8J2 − 8|P|2 + |W |2)dv,
the latter formula can be written also in the form
1
(4pi)2
∫
M4
a4dv = −
1
180
χ(M) +
1
120
1
(4pi)2
∫
M4
|W |2dv
(see Proposition 4.3 in [PR87]).
14.3. The heat kernel coefficient a6. Explicit formulas for the local heat kernel coef-
ficient a6 of the conformal Laplacian are substantially more involved. In the literature,
various formulas for a6 and its total integral on closed manifolds can be found. In the
pioneering work [G75] (see also Theorem 4.8.16 in [G84]), Gilkey derived a formula for
a6 for general Laplace-type operators on vector bundles. It effectively can be used to
deduce explicit formulas for the heat kernel coefficient a6 of the conformal Laplacian.
The complexity of the situation is illustrated by the fact that Gilkey’s general formula
(in the scalar case) involves 17 local Riemannian invariants and a basis of 12 invariants
which are relevant for the contributions of the potential term. Since there are no canon-
ical bases of invariants, the formulation of any resulting formula for a6 depends on the
choice of such a basis. Gilkey uses a basis of Riemannian invariants which is defined
in terms of the curvature tensor R, the Ricci tensor Ric and the scalar curvature scal
(and their covariant derivatives). Alternatively, one may use the Weyl tensor W , the
26These formulas are already stated in Section 17 of [DW64]. Accordingly, in the physical literature,
the heat kernel coefficients are often referred to as the DeWitt coefficients.
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trace-less Ricci tensor B and the scalar curvature scal (and their covariant derivatives),
or a basis in terms of the Weyl tensor, the Schouten tensor P and its trace J (and their
covariant derivatives). The actual comparison of results stated in terms of different bases
usually is a non-trivial issue.
By specialization of Gilkey’s formula, Parker and Rosenberg derived in [PR87] a for-
mula for a6 in terms of W , B and scal (and its covariant derivatives) in general dimen-
sions.27 Unfortunately, the displayed formulas in [PR87] contain some misprints even
in the locally conformally flat case. We use the chance to remove these inaccuracies (in
Section 14.4).
For locally conformally flat metrics, the coefficient a6 is somewhat less complicated.
For such metrics, Branson (see Lemma 6.9 in [B95]) used an integrated version of Gilkey’s
formula to prove that
7!a6 = (n−8)
(
−
1
9
(35n2−266n+456)J3 +
2
3
(n−1)(7n−30)J|P|2
−
2
9
(5n2−2n−48) tr(P3)− 3(n−6)|dJ|2
)
(14.6)
modulo a divergence term. By the conformal covariance of the conformal Laplacian, that
results suffices to derive a formula for the hidden divergence term (see the discussion in
Section 14.5). Equation (14.6) shows that the coefficient a6 vanishes in dimension n = 8
in the locally conformally flat case. This is yet another example of the general fact that
the local heat kernel coefficient an−2 is a local conformal invariant.
For general metrics, comparing Gilkey’s formula for a6 with Lemma 14.1 identifies the
local conformal invariant a6 in dimension n = 8 as the element
1
7!9
(81Φ8 + 64I1 + 352I2) (14.7)
in the three-dimensional space of local conformal invariants I of weight −6, i.e., I satisfies
e6ϕI(e2ϕg) = I(g) (see Proposition 4.2 of [PR87]). Here, Φn
def
= |∇˜R˜|2 (restricted to
ρ = 0 and t = 1) is the Fefferman-Graham invariant (see Proposition 3.4 in [FG85])
being defined in terms of the Levi-Civita connection ∇˜ of the ambient metric g˜ and its
curvature R˜. Moreover,
I1 =W
ij
klW
kl
mnW
mn
ij and I2 =WijklW
j
m
l
nW
imkn.
For more details of the relevant invariant theory see also Section 4 of [B04].
In dimension n = 6, the total integral of a6 can be written as a linear combination of
the Euler characteristic and the total integrals of the local conformal invariants I1, I2
and I3 = Φ6 (see Proposition 4.3 in [PR87]), i.e.,
1
(4pi)3
∫
M6
a6dv =
1
7!
10
3
χ(M) +
3∑
i=1
ci
∫
M6
Iidv.
This is a special case of the Deser-Schwimmer decomposition of global conformal invari-
ants proved in [A12].
The following identity was already stated in [PR87] without a proof. Although some
arguments of the following proof are taken from [E97], the actual result differs.
27In [PR87], the convention for the signs of the components Rijkl is opposite to that of Gilkey.
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Lemma 14.1. The Fefferman-Graham invariant Φn can be written in the form
Φn = Ωn −
8
n−2
(I1 + 4I2), (14.8)
where
Ωn
def
= |∇W |2 − 4(n−10)|C|2 +
8
n−2
(W,∆W )−
16
n−2
J|W |2
and C is the Cotton tensor.
Remark 14.1. The right-hand side of (14.8) coincides with the invariant in Equation
(4.1) of [PR87]. This follows by a direct calculation using the relation
P =
1
n−2
B +
1
2n(n−1)
scal .
Note that the identity 2Ω10 = (∆ − 4J)(|W |
2) = P2(|W |
2) immediately proves the
conformal invariance of Ω10. Lemma 14.1 shows that (14.7) equals
1
7!
(
9Ω8 −
44
9
I1 −
80
9
I2
)
. (14.9)
Proof. We first recall from [FG85] (and [G00]) an explicit formula for the conformal
invariant Φn. Let
Cijk = ∇kPij −∇jPik (14.10)
be the Cotton tensor. Then Cijk = −Cikj and Cijk + Cjki + Ckij = 0. Now set
28
Vijklm = ∇mWijkl − gimCjkl + gjmCikl − gkmClij + glmCkij .
Then we have
Φn = |V |
2 + 16W ijkl(∇iCjkl + P
m
i Wmjkl) + 16|C|
2.
The second Bianchi identity implies
∇mWijkl +∇kWijlm +∇lWijmk
= Cikmgjl + Cilkgjm + Cimlgjk − Cjkmgil − Cjlkgim − Cjmlgik. (14.11)
It follows that
∇mWmjkl = (n−3)Cjkl. (14.12)
These results yield
|V |2 = |∇W |2 − 8(n−3)|C|2 + 4n|C|2
and we obtain the alternative formula
Φn = |∇W |
2 − 4(n−10)|C|2 + 16(W ijkl∇iCjkl + P
m
i W
ijklWmjkl). (14.13)
Now since
Φn − Ωn = −
8
n−2
(W,∆W ) + 16(W ijkl∇iCjkl + P
m
i W
ijklWmjkl) +
16
n−2
J|W |2,
it only remains to verify the identity
−
1
2
(W,∆W ) + (n−2)W ijkl∇iCjkl
28Note that our sign conventions for R and W coincide with those in [FG85] and are opposite to
those of [G00].
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= −
1
2
I1 − 2I2 − (n−2)P
m
i W
ijklWmjkl − J|W |
2. (14.14)
But (14.14) is a consequence of two different calculations of the commutator term
W ijkl[∇i,∇m]W
m
jkl. (14.15)
On the one hand, the commutator term (14.15) equals the left-hand side of (14.14). In
fact, (14.11) implies
∇iWmjkl +∇jWimkl
= −∇mWjikl + (Ckmiglj + Ckjmgli + Ckijglm − Clmigkj − Cljmgki − Clijgkm).
We apply ∇m to that identity, multiply with W ijkl and sum over repeated indices. Since
W is trace-free, we obtain
2W ijkl∇m∇iWmjkl =W
ijkl∆Wijkl + 2W
ijkl∇lCkij
using the symmetries. Together with (14.12) we find
W ijkl[∇i,∇m]W
m
jkl = (n−3)W
ijkl∇iCjkl −W
ijkl∇lCkij −
1
2
W ijkl∆Wijkl
= (n−2)W ijkl∇iCjkl −
1
2
W ijkl∆Wijkl.
On the other hand, the commutator term (14.15) can be written in the form
−W ijklRim
m
aW
a
jkl −W
ijklRimjaW
ma
kl −W
ijklRimkaW
m
j
a
l −W
ijklRimlaW
m
jk
a.
By R =W − P ? g (see (7.3)), this sum equals the sum of
−W ijklRim
m
aW
a
jkl −W
ijklWimjaW
ma
kl −W
ijklWimkaW
m
j
a
l −W
ijklWimlaW
m
jk
a
= −RiciaW
ijklW ajkl −W
ijklWimjaW
ma
kl − I2 − I2
and
W ijkl((P ? g)imjaW
ma
kl + (P ? g)imkaW
m
j
a
l) + (P ? g)imlaW
m
jk
a)
= −W ijkl(PmjW
m
ikl + PmkW
m
jil + PmlW
m
jki)−W
ijkl
Pia(Wj
a
kl +Wkj
a
l +Wljk
a).
Now the first Bianchi identity (for W ) shows that the latter sum vanishes. In fact, it
implies that the last three terms sum up to 0 and that the first three terms are given by
(W ijklPmjW
m
kli +W
ijkl
PmjW
m
lik)− (W
ijkl
PmkW
m
jil +W
ijkl
PmlW
m
jki) = 0
using the symmetries. Thus, the commutator term (14.15) equals
−RiciaW
ijklW ajkl −W
ijklWimjaW
ma
kl − 2I2.
But the first Bianchi identity (for W ) shows that Wimja =Wijma +Wiajm. Hence
W ijklWimjaW
ma
kl = I1 −W
ijklWimjaW
ma
kl,
i.e.,
2W ijklWimjaW
ma
kl = I1.
Therefore, the commutator term (14.15) equals
−(n−2)PaiW
ijklWajkl − J|W |
2 −
1
2
I1 − 2I2,
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i.e., coincides with the right-hand side of (14.14). This proves (14.14) and completes the
proof. 
The following result relates the conformal invariant a6 in dimension n = 8 to the
coefficient a˜6 which arises by substituting the ambient curvature R˜ into the formula for
the heat kernel coefficient a6 of the Laplacian of a Ricci flat metric. It is a special case
of Theorem 7.3 announced in [P13].
Lemma 14.2. For a Riemannian manifold (M, g) of dimension n = 8, we have
a6 = a˜6|t=1,ρ=0.
Proof. By Gilkey’s formula for the heat kernel coefficient a6 of the Laplacian (Theorem
4.8.16 in [G84]), we have
7!a˜6 = 9(∇˜(R˜), ∇˜(R˜)) + 12(R˜, ∆˜R˜)−
44
9
I˜1 −
80
9
I˜2
with
I˜1 = R˜
ij
klR˜
kl
mnR˜
mn
ij and I˜2 = R˜
ijklR˜jmlnR˜i
m
k
n.
Here we have used the Ricci flatness of g˜. The restrictions of I˜1 and I˜2 to t = 1 and ρ = 0
are given by I1 and I2, respectively. Therefore, by (14.7), the assertion is equivalent to
(9(∇˜(R˜), ∇˜(R˜)) + 12(R˜, ∆˜R˜))|t=1,ρ=0 −
44
9
I1 −
80
9
I2 = 9Φ8 +
64
9
I1 +
352
9
I2,
i.e.,
(R˜, ∆˜R˜)|t=1,ρ=0 = I1 + 4I2. (14.16)
In order to prove this relation, we show that any Ricci flat metric g satisfies the relation
(R,∆R) = RijklRij
mnRmnkl + 4R
ijklRjmlnRi
m
k
n. (14.17)
In fact, the second Bianchi identity implies
∇iRmjkl +∇jRimkl = −∇mRjikl. (14.18)
We apply ∇m to that equation, multiply with Rijkl and sum over repeated indices. This
yields
2Rijkl∇m∇iRmjkl = R
ijkl∆Rijkl
using the symmetries. Next we commute derivatives
∇m∇iRmjkl = ∇i∇
mRmjkl + [∇
m,∇i]Rmjkl
and observe that ∇mRmjkl = ∇l Rickj −∇k Riclj = 0 (by (14.18) and the Ricci flatness).
Hence
Rijkl∆Rijkl = 2R
ijkl [∇m,∇i]Rmjkl
= −2Rijkl(Rmim
nRnjkl +R
m
ij
nRmnkl +R
m
ik
nRmjnl +R
m
il
nRmjkn).
Now the Ricci flatness and the symmetries yield
Rijkl∆Rijkl = −2R
ijklRmij
nRmnkl + 4R
ijklRi
m
k
nRjmln.
Finally, an application of the first Bianchi identity (similarly as in the proof of Lemma
14.1) proves (14.17). This completes the proof. 
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The arguments in the proof of Lemma 14.2 also show that the elements in Gilkey’s
basis of Riemannian invariants of weight 6 are linearly dependent.
14.4. a6 for locally conformally flat metrics. In the present section we discuss a6
for locally conformally flat metrics in general dimensions. In particular, we correct
some formulas in [PR87] and verify that the result is consistent with Branson’s formula
(14.6).29 30
For locally conformally flat metrics, Table 14.4.1 displays the local heat kernel coeffi-
cient 7!a6 as a linear combination of 10 Riemannian invariants. These results follow by
a reformulation of Gilkey’s formula for a6 in terms of W , B, scal and are basically taken
from [PR87], up to corrections of the coefficients of B6 and B13 in general dimensions.
The last two columns display the weights of the contributions in the special dimensions
n = 6 and n = 8.
Two comments are in order. The coefficient of B1 = ∆
2(scal) alternatively follows by
combining Lemma 1.1 and Theorem 1.5 of [BGO90]. Moreover, for the round spheres
Sn, the only non-trivial contribution in Table 14.4.1 is B10 = scal
3. The corresponding
coefficient coincides with that given in Section 14.8.
invariant coefficient n = 6 n = 8
B1 = ∆
2(scal) −3(n−8)
(n−1)
6
5
0
B2 = |∇ scal |
2 5n4−76n3+288n2−128n+16
4n2(n−1)2
− 4
45
− 9
112
B3 = |∇B|
2 −2(n−20)
(n−2)
7 4
B4 = ∇iBjk∇kBij −4 −4 −4
B6 = scal∆(scal)
(n−8)(7n2−34n+12)
2n(n−1)2
−2
5
0
B7 = (B,∆B) −
8(n−8)
(n−2)
4 0
B8 = Bij∇k∇jBik −
4n(n−8)
(n−1)(n−2)
12
5
0
B10 = scal
3 − (n−8)(35n
4−308n3+688n2−184n−96)
72n2(n−1)3
2
135
0
B11 = scal |B|
2 (n−8)(7n
3−17n2−2n+24)
3n(n−1)2(n−2)
−76
75
0
B13 = tr(B
3) 4(n−8)(11n
3−28n2+32n−24)
9(n−1)(n−2)3
−64
15
0
Table 14.4.1. The heat kernel coefficient 7!a6 for the conformal Lapla-
cian for locally conformally flat metrics
We continue by proving that the results in Table 14.4.1 imply the formula (14.6) for
the integrated heat kernel coefficient ∫
Mn
a6dv (14.19)
29These corrections may be of independent interest in connection with future explicit calculations.
30[B95] does not contain [PR87] among its references and accordingly does not discuss the relations
to the results in [PR87].
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for closed and locally conformally flat manifold (M, g) of dimension n ≥ 3. We start by
establishing the following identity.
Lemma 14.3. For a closed and locally conformally flat manifold (Mn, g) (n ≥ 3), we
have the relation ∫
M
|∇P|2dv =
∫
M
(|∇J|2 + J|P|2 − n tr(P3))dv.
Proof. By conformal flatness, the Cotton tensor vanishes, i.e., ∇k(P)ij = ∇j(P)ik. Hence,
by partial integration, we have∫
M
|∇P|2dv =
∫
M
∇k(P)ij∇
k(P)ijdv = −
∫
M
∇k∇j(P)ikP
ijdv.
Now we interchange the derivatives. The relation
∇k∇j(P)ik = Hessij(J) + Ricjl P
l
i − (P ? g)jkilP
lk
(see Equation (6.9.17) in [J09a]) implies
−∇k∇j(P)ikP
ij = −Hessij(J)P
ij − Ricjl P
l
iP
ij + (P ? g)jkilP
lk
P
ij
= δ(PdJ) + |∇J|2 − Ricjl(P
2)jl + (P ? g)jkilP
lk
P
ij .
Therefore, we obtain∫
M
|∇P|2dv =
∫
M
|∇J|2dv −
∫
M
((n − 2)Pjl + Jgjl)(P
2)jldv +
∫
M
(P ? g)jkilP
lk
P
ijdv
and the assertion follows by simplification. 
Lemma 14.3 implies the following analogous results for |∇Ric |2 and |∇B|2.
Corollary 14.1. Under the assumptions of Lemma 14.3, we have∫
M
|∇Ric |2dv =
∫
M
(n(n−1)|∇J|2 + (n−2)J|P|2 − n(n−2)2 tr(P3))dv (14.20)
and∫
M
|∇B|2dv =
∫
M
(
n−2
4n(n−1)2
|∇ scal |2 −
1
n−1
scal |B|2 −
n
n−2
tr(B3)
)
dv. (14.21)
Proof. The assertions follow by direct calculations using
Ric = (n−2)P+ Jg, J =
scal
2(n−1)
and B = (n−2)
(
P−
1
n
Jg
)
. (14.22)
We omit the details. 
Note that (14.21) is equivalent to∫
M
(
B3 −
n−2
4n(n−1)2
B2 +
1
n−1
B11 +
n
n−2
B13
)
dv = 0. (14.23)
Lemma 14.4. We have
B3 − B4 =
(n−2)2
4n2(n−1)
|∇ scal |2.
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Proof. A calculation using the formula for B in (14.22) yields
B3 = |∇B|
2 = (n−2)2
(
|∇P|2 −
1
n
|∇J|2
)
.
A similar calculation using ∇k(P)ij = ∇j(P)ik gives
B4 = ∇iBjk∇kBij = (n−2)
2
(
|∇P|2 +
(
1
n2
−
2
n
)
|∇J|2
)
.
The assertion follows by combining these two results. 
Now, in order to calculate the integral (14.19), we combine the results in Table 14.4.1
with the fact that
B4 − B3 +
(n−2)2
4n2(n−1)
B2 (by Lemma 14.4)
and
B6 +B2, B7 +B3, B8 +B4 (by partial integration)
are total derivatives, i.e., integrate to 0. It follows that the total integral of 7!a6 equals
the sum of the total integrals of
5n4 − 76n3 + 288n2 − 128n+ 16
4n2(n− 1)2
B2,
−
2(n− 20)
(n− 2)
B3,
− 4B3 +
(n−2)2
n2(n−1)
B2,
−
(n− 8)(7n2 − 34n+ 12)
2n(n− 1)2
B2,
8(n− 8)
(n− 2)
B3,
4n(n− 8)
(n− 1)(n− 2)
(
B3 −
(n−2)2
4n2(n−1)
B2
)
and the total integral of some linear combination of B10, B11 and B13. A direct calcula-
tion shows that the latter three contributions can be written as the sum of
−
(n−8)(35n4 − 308n3 + 688n2 − 184n− 96)
72n2(n−1)3
B10
+
(n−8)(7n2−28n−24)
3n(n−1)(n−2)
B11 −
(n−8)(10n2−4n−96)
9(n−2)2
B13 (14.24)
and
2
(n−8)(3n−1)
(n−2)(n−1)
(
1
n−1
B11 +
n
n−2
B13
)
. (14.25)
By (14.23), the total integral of (14.25) coincides with the total integral of
2
(n−8)(3n−1)
(n−2)(n−1)
(
−B3 +
(n−2)2
4n(n−1)
B2
)
.
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Therefore, by summing up all terms, we find that B2 contributes with the coefficient
−
3
4
(n−8)(n−6)
(n−1)2
and that the contribution of B3 vanishes. Now since the sum (14.24) can be rewritten
as
(n−8)
(
−
1
9
(35n2−260n+456)J3 +
2
3
(n−1)(7n−30)J|P|2 −
2
9
(5n2−2n−48) tr(P3)
)
,
we have proved that 7!× (14.19) coincides with the sum of the total integrals of
−
3
4
(n−8)(n−6)
(n−1)2
|∇ scal | = −3(n−8)(n−6)|∇J|2
and of the latter sum. This completes the proof of (14.6).
14.5. Holographic formulas for heat kernel coefficients and applications. In
the present section, we express the heat kernel coefficients a2, . . . , a6 for the conformal
Laplacian in terms of the renormalized volume coefficients v2, . . . , v6. The discussion of
a6 will be restricted to locally conformally flat metrics. For this purpose, we shall use
the relations
v2 = −
1
2
tr(P) = −
1
2
J, v4 =
1
4
tr(∧2P) =
1
8
(J2−|P|2)
and
v6 = −
1
8
tr(∧3P) = −
1
48
(J3−3J|P|2+2 tr(P3)) (14.26)
(in the locally conformally flat case). The resulting formulas will be simpler than for-
mulas in other bases and have applications to renormalized volumes and functional
determinants.
Proposition 14.1. We have
3a2 = (n−4)v2,
180a4 = (n−6)
(
8(n−2)v4 + 6(n−4)v
2
2 − 6∆v2
)
+ |W |2, ∆ = δd
for n ≥ 3 and, in the locally conformally flat case,
7!a6 = (n−8)
8
3
×
(
(10n2−4n−96)v6 + (n−6)
(
18(n−2)v2v4 + (n−10)v
3
2 − 9/2|dv2|
2
))
(14.27)
modulo a divergence.
Proof. The assertions follow from (14.4), (14.5) and (14.6). We omit the details of the
direct calculations. 
In view of Theorem 8.1, the formula (14.27) is particularly convenient to make explicit
the divergence terms in a6. The idea of the proof of the following result goes back to
Branson and Ørsted (see Section 3 in [BO88] and Remark 5.12 in [B95]).
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Proposition 14.2. For locally conformally flat metrics, the divergence term of 7!a6 is
given by the sum
(n−8)
(
12∆2(v2)− 12(n−2)δ(Pdv2)− 24(n−2)∆(v4)− 8(2n−11)∆(v
2
2)
)
.
Here we use the convention ∆ = δd.
Proof. Let M be closed. We first recall that(∫
Mn
a6dv
)•
[ϕ] = (n−6)
∫
Mn
ϕa6dv. (14.28)
Moreover, we have the variational formulas (see (8.3))
v•2[ϕ] = −2ϕv2 − 1/2δdϕ = −2ϕv2 − 1/2∆ϕ,
v•4[ϕ] = −4ϕv4 − 1/2δ(v2 + 1/2P)dϕ,(∫
M
v6dv
)•
[ϕ] = (n−6)
∫
M
ϕv6dv
and (∫
M
|dv2|
2dv
)•
[ϕ] = (n−6)
∫
M
ϕ|dv2|
2dv −
∫
M
ϕ(2∆v22 +∆
2v2)dv. (14.29)
In order to verify (14.29), we note that the transformation rule v•2[ϕ] = −2ϕv2− 1/2∆ϕ
implies(∫
M
|dv2|
2dv
)•
[ϕ] = (n−6)
∫
M
ϕ|dv2|
2dv − 4
∫
M
(dϕ, v2dv2)dv −
∫
M
(d∆ϕ, dv2)dv.
Then partial integration proves the claim. Now we determine the variation on the left-
hand side of (14.28) by combining these formulas with the explicit formula (14.27).
Partial integration shows that the conformal variation
7!
(∫
Mn
a6dv
)•
[ϕ]
coincides with
(n−6)
∫
M
ϕ (right-hand side of (14.27)) dv
+ (n−8)(n−6)
8
3
∫
M
ϕ
[
18(n−2)(−1/2δ(v2 + 1/2P)dv2 − 1/2∆v4)
− 3/2(n−10)∆(v22) + 9/2(2∆(v
2
2) + ∆
2(v2))
]
dv.
By comparing this result with (14.28), we conclude that 7!a6 equals the sum of the
right-hand side of (14.27) and
(n−8)
8
3
[
18(n−2)(−1/2δ(v2 + 1/2P)dv2 − 1/2∆v4)
− 3/2(n−10)∆(v22) + 9/2(2∆(v
2
2) + ∆
2(v2))
]
.
Now simplification yields the assertion. 
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An analogous argument can be used to recover the divergence term in the holographic
formula for a4 in Proposition 14.1. We omit the details.
In particular, we obtain the following holographic formulas for a4 and a6 in the re-
spective critical dimensions.
Corollary 14.2. For locally conformally flat metrics, we have
180a4 = −32v4 + 12∆(v2)
in dimension n = 4 and
7!a6 = −1280v6 − 24∆
2(v2) + 96δ(Pdv2) + 192∆(v4) + 16∆(v
2
2)
in dimension n = 6. Here we use the convention ∆ = δd.
Next, we outline an alternative proof of (14.27) which is independent of Gilkey’s
formula for the heat kernel coefficient a6 of general Laplace-type operators. In fact, the
following arguments will basically utilize only structural properties of the heat kernel
coefficient a6 of the conformal Laplacian which are known by the general theory.
Proof. In a basis of scalar Riemannian invariants defined in terms of R, Ric and scal,
the coefficients of a6 do not depend on the dimension n. It follows that, in a basis using
W , P and J, the coefficients are cubic polynomials in n. Now, in dimension n = 8, a6
is a local conformal invariant. Hence, in this dimension, the functions a6 vanishes for
locally conformally flat metrics. Therefore, by Lemma 6.1 in [B95], we can write
7!a6 = (n−8)(pi3(n)J
3 + pi2(n)J|P|
2 + pi1(n) tr(P
3) + pi0(n)|dJ|
2),
up to a divergence term, with unknown quadratic polynomials pii. Equivalently, it can
be written in the form
7!a6 = (n−8)[pi3(n)v6 + pi2(n)v2v4 + pi1(n)v
3
2 + pi0(n)|dv2|
2],
up to a divergence term and with other unknown quadratic polynomials pii. Now we use
the fact that for n = 6 the total integral of a6 is a conformal invariant. It implies that
we can refine the above ansatz into
7!a6 = (n−8)[pi3(n)v6 + (n−6)(pi2(n)v2v4 + pi1(n)v
3
2 + pi0(n)|dv2|
2)] (14.30)
with an unknown quadratic polynomial pi3 and unknown monomials pi0, pi1, pi2. In order
to determine the polynomials pii for i = 1, 2, 3, we consider locally conformally flat
product spaces of the form Sp × Hq (with p + q = n). On these spaces, the identity
P2(g1 + g2) = P2(g1) + P2(g2) (see (14.52) for r = 0) implies the relation
a6(g1+g2) = a6(g1) + a4(g1)a2(g2) + a2(g1)a4(g2) + a6(g2) ∈ C
∞(Sp ×Hq) (14.31)
of local heat kernel coefficients of conformal Laplacians. Using this identity and the
known heat kernel coefficients a2, . . . , a6 on round spheres S
n and hyperbolic spaces Hn
(see Section 14.8), we determine a6 for the product metrics. The condition that the
resulting polynomial in the variables n and p can be written in the form (14.30) is a
system of linear relations for the unknown coefficients of the polynomials pii; the con-
tribution by |dv2|
2 vanishes in this case. Now a calculation shows that these conditions
are satisfied exactly by the one-parameter family
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(n−8)
1
3
1
7!
(
(224−3β)n2−(896−18β)n−768)v6
+ (n−6)(3βn−(192+2β))v2v4 + (n−6)((56−β)n−(128−β))v
3
2
)
(14.32)
with β ∈ R. For n = 6, the latter sum specializes to −16/63v6 (for any β). Next,
we prove that β = 48. We note that in Gilkey’s universal formula for a6 (of P2) the
contribution by |∇Ric |2 has a coefficient of the form
a+
b
n−2
with some numerical coefficients a, b. In fact, this contribution comes from the contri-
butions |∇R|2 and |∇Ric |2 in Gilkey’s formula. But W = 0 implies R = −P ? g and a
simple calculation shows that |∇R|2 = 4(n− 2)|∇P|2+ . . . . This proves the claim. Now
the arguments in the proof of Proposition 14.2 show that the ansatz (14.32) for a6 leads
to a divergence contribution of the form
c(n−8)(3βn−(192+2β))∆(v4).
By 8v4 = J
2 − |P|2, this term contains a contribution of the form
c(n−8)
3βn−(192+2β)
(n−2)2
|∇Ric |2.
But the condition that the latter expression does not have a second-order pole at n = 2
is equivalent to β = 48. Now, for β = 48, (14.32) reads
(n−8)
1
7!
8
3
(
(10n2−4n−96)v6 + 18(n−6)(n−2)v2v4 + (n−6)(n−10)v
3
2
)
.
The latter sum yields (14.27) modulo the contribution by |dv2|
2. It remains to determine
the monomial pi0 in (14.30). For this purpose, we combine some results of [BGO90] with
the observation that |dJ|2 is the only term which leads to a contribution of ∆2(J) in a6
(see the proof of Proposition 14.2). In fact, as noted in Section 14.4, results in [BGO90]
imply that ∆2(J) contributes to 7!a6 with the coefficient −6(n−8). Hence the arguments
in the proof of Proposition 14.2 show that pi0(n) = −12. 
It would be interesting to extend the above type of holographic formulas for a6 beyond
the conformally flat case.
Remark 14.2. The local conformal invariant |W |2 in the holographic formula for a4
(Proposition 14.1) can be interpreted as the restriction of the coefficient
a˜4 = 180|R˜|
2
to t = 1 and ρ = 0. This coefficient arises by formally substituting the ambient curvature
R˜ into the heat kernel coefficient of the Laplacian of a Ricci flat metric. Similarly,
Lemma 14.2 shows that the conformal invariant given by a6 in dimension n = 8 coincides
with the restriction to t = 1 and ρ = 0 of the coefficient a˜6 obtained by substituting R˜ into
the formula for a6 for a Ricci flat metric. These are special cases of a result announced
in [P13] (Theorem 7.3).
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A fully explicit formula for a6 for general metrics in dimension n = 6 is an important
ingredient in a test of a version of the AdS/CFT duality in [BFT00]. In fact, in [BFT00] it
was found that, for closed spin manifoldM6, the total integral of the linear combination
10a6(P2)− 2a6( /∇
2
) + (a6(Ω
2)− 2a6(Ω
1) + 3a6(Ω
0))
is proportional to a linear combination of χ(M) and the total integral of v6. Here a6( /∇
2
)
and a6(Ω
p) are the respective heat kernel coefficients of the square of the Dirac operator
/∇ and the Hodge-Laplacian on p-forms. By the Deser-Schwimmer decomposition (see
[A12]), all three individual integrals are linear combinations of the Euler characteristic
and the total integrals of three local conformal invariants. The remarkable aspect of
the above linear combination is that the resulting weights of all three local conformal
invariants coincide with the weights in the corresponding decomposition of a multiple of
v6. We also note that the linear combination
3a6(Ω
0)− 2a6(Ω
1) + a6(Ω
2)
of heat kernel coefficients of Hodge-Laplace operators naturally appears in the conformal
variational formula of the Cheeger half-torsion of M6 (see Section 3 of [B04]).
We close this section with two applications of the above results to the determinant
of P2. First, we relate the determinant of the conformal Laplacian to the renormalized
volume.
Proposition 14.3. Let (M6, g) be a closed manifold with a locally conformally flat
metric g so that ker(P2(g)) = 0. Assume that [g] is the conformal infinity of a Poincare´-
Einstein manifold (X, g+). Let V6 = V6(g+; ·) be the renormalized volume functional.
Then
(4pi)3(log det(−P2))
•[ϕ]
=
32
63
V•6 [ϕ] +
1
7!
16
3
(∫
M6
(144v2v4 − 8v
3
2 − 9|dv2|
2)dv
)•
[ϕ]. (14.33)
Proof. The left-hand side of (14.33) equals
−2
∫
M6
ϕa6dv.
Moreover, we have
V•6 [ϕ] =
∫
M6
ϕv6dv
(by [G00]). The proof of Proposition 14.2 contains the variational formula(∫
M6
(72v2v4 − 4v
3
2 − 9/2|dv2|
2)dv
)•
[ϕ]
= −
3
16
∫
M6
ϕ(−24∆2(v2) + 192∆(v4) + 96δ(Pdv2) + 16∆(v
2
2))dv.
Hence the right-hand side of (14.33) equals the integral against ϕ of
32
63
v6 +
1
7!
(−2)(−24∆2(v2) + 192∆(v4) + 96δ(Pdv2) + 16∆(v
2
2)).
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The assertion follows by combining this result with Corollary 14.2. 
Now integration yields the following result.
Corollary 14.3. In the situation of Proposition 14.3, the functional
det(−P2) exp
(
−
1
126pi3
V6(g+; ·)−
1
7!
1
12pi3
∫
M6
(144v2v4 − 8v
3
2 − 9|dv2|
2)dv
)
is constant on [g].
Proof. We apply the identity Φ(e2ϕg)− Φ(g) =
∫ 1
0
Φ(e2sϕg)•[ϕ]ds to the functional
Φ = (4pi)3(log det(−P2))−
32
63
V6(g+; ·)−
1
7!
16
3
(∫
M6
(144v2v4 − 8v
3
2 − 9|dv2|
2)dv
)
and use (14.33). Simplification yields the claim. 
Similar arguments using Corollary 14.2 prove the following result. Let (M4, g) be
a locally conformally flat closed (M4, g) with ker(P2(g)) = 0. Assume that [g] is the
conformal infinity of a Poincare´-Einstein manifold (X, g+). Then
(4pi)2(log det(−P2))
•[ϕ] =
16
45
V•4 [ϕ] +
2
15
(∫
M4
v22dv
)•
[ϕ], (14.34)
and integration yields
Corollary 14.4. In the above situation, the functional
det(−P2) exp
(
−
1
45pi2
V4(g+; ·)−
1
120pi2
∫
M4
v22dv
)
is constant on [g].
Remark 14.3. Corollary 14.3 and Corollary 14.4 generalize the following result for
closed Riemann surfaces (M2, g). Assume that [g] is the conformal infinity of a Poincare´-
Einstein space (X3, g+). Then the functional
det(−∆) exp
(
−
1
3pi
V2(g+; ·)
)
/
∫
M2
dv
is constant on [g]. In fact, the assertion follows by comparing the Polyakov formula
− log
(
det(−∆gˆ)
det(−∆g)
)
= − log
(∫
dvgˆ∫
dvg
)
+
1
12pi
∫
M2
ϕ(−∆gϕ+ scal(g))dvg
(see [B95], Theorem 5.8) with [G00]
V2(g+; gˆ)− V2(g+; g) =
∫
M2
(ϕv2(g)− 1/4|dϕ|
2
g)dvg. (14.35)
Second, we consider local extremal properties of the determinant of P2 in dimensions
n = 4 and n = 6.
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Proposition 14.4. Let M6 be a closed manifold with a locally conformally flat Einstein
metric g.31 Assume that P2(g) has trivial kernel. Then the restriction of the functional
log det(−P2) to [g]1 is critical at g and the second variation at g is given by
(4pi)3(log det(−P2))
••[ϕ] = 1/630
∫
M6
ϕ(∆+24c)(3∆2−120c∆+1600c2)(ϕ)dv. (14.36)
Here ∆ = −δd is the non-positive Laplacian and c = scal(g)/120.
Proof. Let Mn be a closed manifold of even dimension n. Assume that the kernel of
P2(g) is trivial; this is a conformally invariant condition. Then we recall the variational
formula
(4pi)
n
2 (log det(−P2))
•[ϕ] = −2
∫
Mn
ϕandv
at all metrics in [g] (see (13.4)). Thus Corollary 14.2 and the fact that the coefficients
v2k are constant at Einstein metrics imply the asserted criticality at g. Moreover, by
arguments as in the proof of Theorem 12.1, we obtain
(4pi)3(log det(−P2))
••[ϕ] = −2
∫
M6
ϕa•6[ϕ]dv
at the Einstein metric g. These arguments again utilize the fact that a6 is constant at
Einstein metrics. Now the formula for a6 in Corollary 14.2 implies that
7!a•6[ϕ] = −1280v
•
6[ϕ]− 24∆
2(v•2[ϕ])− 192∆(v
•
4[ϕ]) + 96δ(Pd)(v
•
2[ϕ])− 32v2∆(v
•
2 [ϕ])
at g; here we again use the fact that the coefficients v2k are constant at Einstein metrics.
Now g(r) = (1− cr2)2g gives v(r) = (1− cr2)6 and hence
v2 = −6c, v4 = 15c
2, v6 = −20c
3.
Therefore, (8.3) yields the conformal variational formulas
v•2[ϕ] = −2v2ϕ+ 1/2∆ϕ, v
•
4[ϕ] = −4v4ϕ− 5/2c∆ϕ, v
•
6[ϕ] = −6v6ϕ+ 5c
2∆ϕ.
Then a calculation shows that
7!a•6[ϕ] = −4(∆ + 24c)(3∆
2 − 120c∆+ 1600c2)(ϕ), ∆ = −δd.
The proof is complete. 
For any c ∈ R, the polynomial 3λ2 − 120cλ + 1600c2 is positive for all real λ. Since
ϕ is orthogonal to 1 (by preservation of volume), the quadratic form on the right-
hand side of (14.36) is negative semi-definite. More precisely, it is negative definite iff
ker(∆ + 24c) = 0, i.e., if (M6, g) is not isometric to a rescaled round sphere. Hence
Proposition 14.4 shows that the restriction of log det(−P2) to [g]1 has a local maximum
at g. This is a local version of a global maximum result at the round metric on S6 due
to Branson [B95].
Similar arguments yield the following result.
31In other words, M is a closed space form.
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Proposition 14.5. Let (M4, g) be a closed locally conformally flat Einstein manifold.
Assume that P2(g) has trivial kernel. Then the restriction of the functional log det(−P2)
to [g]1 is critical at g and the second variation at g is given by
(4pi)2(log det(−P2))
••[ϕ] =
1
15
∫
M4
ϕ(∆− 8c)(∆ + 16c)(ϕ)dv. (14.37)
Here ∆ = −δd is the non-positive Laplacian and c = scal(g)/48.
Proof. By arguments as in the proof of Proposition 14.4, it suffices to prove the varia-
tional formula
180a•4[ϕ] = −6(∆− 8c)(∆ + 16c)(ϕ)
at g. In order to prove this relation, we note that the explicit formula for a4 in Corollary
14.2 yields
180a•4[ϕ] = −32v
•
4[ϕ]− 12∆(v
•
2[ϕ]).
Now at the metric g we have v2 = −4c, v4 = 6c
2, and (8.3) shows that
v•2[ϕ] = −2ϕv2 + 1/2∆ϕ and v
•
4[ϕ] = −4ϕv4 − 3/2c∆ϕ.
Then the assertion follows by a simple calculation. 
Proposition 14.5 implies that, if scal(g) > 0, then the restriction of log det(−P2) to [g]1
has a local minimum at g. This is a local version of a global minimum result at the round
metric on S4 (see [B95], [CY95]). In contrast, if scal(g) < 0, then small eigenvalues of ∆
may lead to a non-definite second variation. In other words, there is no local extremal
result on compact quotients Γ\H4.
Finally, in dimension n = 2, we have P2 = ∆ and the analogous relation
4pi(log det(−∆))••[ϕ] = 2/3
∫
M2
ϕ(∆ + 8c)(ϕ)dv, c = scal(g)/8 (14.38)
at an Einstein metric g shows that the restriction of the functional log det(−∆) to [g]1
has a local maximum at g. In particular, log det(−∆) has a local maximum at the round
metric on S2. This is a local version of Onofri’s global maximum result at the round
metric on S2 (see [B95] and the reference therein). For general global results see [OPS88].
14.6. Polyakov formulas for functional determinants of P2. Here we recall the
global Polyakov formulas for the determinant of the conformal Laplacian in dimension
n = 4 and n = 6. For the two-dimensional case see (1.2). These results support (13.27).
For proofs of the following results we refer to [B95].
In the following, we use the notation P2 = P2(g), Pˆ2 = P2(gˆ) and Qn = Qn(g),
Qˆn = Qn(gˆ) for gˆ = e
2ϕg.
Proposition 14.6. For any locally conformally flat closed manifold (M4, g) with trivial
ker(P2(g)), we have
(4pi)2 log
(
det(−Pˆ2)
det(−P2)
)
=
1
90
∫
M4
ϕ(Qˆ4dvgˆ +Q4dvg) +
∫
M4
(I4(gˆ)dvgˆ − I4(g)dvg)
with
I4 =
1
45
J
2.
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Proposition 14.7. For any locally conformally flat closed manifold (M6, g) with trivial
ker(P2(g)), we have
(4pi)3 log
(
det(−Pˆ2)
det(−P2)
)
= −
10
7! 3
∫
M6
ϕ(Qˆ6dvgˆ +Q6dvg)−
∫
M6
(I6(gˆ)dvgˆ − I6(g)dvg)
with
I6 =
1
7!
1
3
(68J3 − 64J|P|2 + 26|dJ|2).
14.7. Polyakov type formulas for renormalized volumes. In the present section,
we prove a global Polyakov type formula for the renormalized volume of Poincare´-
Einstein metrics with conformal infinities of even dimension (see (12.7)). We recall
that V(g+; ·) is a conformal invariant in odd dimensions [G00]. The main result will
be a consequence of the holographic formulas for Q-curvatures [GJ07], [J11]. It is an
improved version of the Polyakov formulas stated in [GMS12].
We first recall the holographic formulas for Q-curvatures. For generic λ, assume that
u ∼
∑
j≥0
rλ+2ja2j(λ) +
∑
j≥0
rn−λ+2jb2j(λ), a2j , b2j ∈ C
∞(M)
is a formal approximate solution of the equation
−∆g+u = λ(n− λ)u
with i∗(r2g+) = g. Then the coefficients a2j(g;λ) (for 2j ≤ n) are recursively determined
by a0 through the relations
a2j(g;λ) = T2j(g;λ)(a0), a0 ∈ C
∞(M)
with certain differential operators T2j(g;λ) of respective order 2j which are natural in g
and rational in λ. Let
c2N = (−1)
N(22N−1N !(N−1)!)−1.
In these terms, the holographic formula for Q2N states that
2Nc2NQ2N (g) = 2Nv2N (g) +
N−1∑
j=1
(2N−2j)T ∗2j
(
g;
n
2
−N
)
(v2N−2j(g)). (14.39)
In particular, for the critical Q-curvature Qn, we have the relation
ncnQn(g) = nvn(g) +
n
2
−1∑
j=1
(n−2j)T ∗2j(g; 0)(v2N−2j(g)). (14.40)
Theorem 14.1. Let n be even. Assume that (Mn, [g]) is the conformal infinity of a
Poincare´-Einstein space (Xn+1, g+). Then
Vn(g+; gˆ)− Vn(g+; g)
= cn
1
2
∫
Mn
ϕ(Qn(g)dvg +Qn(gˆ)dvgˆ)−
∫
Mn
(Φn(gˆ)dvgˆ − Φn(g)dvg), (14.41)
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where
Φn(g)
def
=
1
2n
n
2
−1∑
j=1
(n−2j)T˙2j(g; 0)(1)v2n−2j(g). (14.42)
Here the dot denotes the derivative with respect to λ.
Proof. We first note that
Vn(g+; gˆ)− Vn(g+; g) =
∫ 1
0
(d/dt)(Vn(g+; e
2tϕg))dt =
∫ 1
0
(d/ds)|0(Vn(g+; e
2sϕe2tϕg))dt
=
∫ 1
0
(∫
M
ϕvn(e
2tϕg)dve2tϕg
)
dt.
Now the holographic formula (14.40) and the transformation law
enϕQn(e
2ϕg) = Qn(g) + (−1)
n
2Pn(g)(ϕ)
imply
Vn(g+; gˆ)− Vn(g+; g) = cn
∫ 1
0
(∫
M
ϕQn(e
2tϕg)entϕdvg
)
dt+ · · ·
= cn
∫ 1
0
(∫
M
ϕ(Qn(g) + (−1)
n
2Pn(g)(tϕ))dvg
)
dt+ · · ·
= cn
∫
M
ϕ
(
Qn(g) + (−1)
n
2
1
2
Pn(g)(ϕ)
)
dvg + · · ·
= cn
1
2
∫
M
ϕ(Qn(g)dvg +Qn(gˆ)dvgˆ) + · · · .
This yields the Qn-term in (14.41). In the latter calculation, the hidden terms are given
by
−
1
n
∫ 1
0
∫
M
ϕFn(e
2tϕg)dve2tϕgdt
with the local scalar invariant
Fn(g) =
n
2
−1∑
j=1
(n−2j)T ∗2j(g; 0)(v2N−2j(g)). (14.43)
But, if Ψn(g) is a conformal primitive of Fn(g), i.e., if Ψ
•
n(g)[ϕ] =
∫
M
ϕFn(g)dvg, then
we have∫ 1
0
∫
M
ϕFn(e
2tϕg)dve2tϕgdt
=
∫ 1
0
Ψ•n(e
2tϕg)[ϕ]dt =
∫ 1
0
(d/dt)(Ψn(e
2tϕg)dt = Ψn(e
2ϕg)−Ψn(g).
Therefore, it remains to verify that the functional Ψn
def
=
∫
M
Φndv is a conformal primitive
of 1
n
Fn. But(∫
M
(Q2N − c
−1
2Nv2N )dv
)•
[ϕ] = (n− 2N)
∫
M
ϕ(Q2N − c
−1
2Nv2N)dv
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and the holographic formula (14.39) imply(∫
M
F2Ndv
)•
[ϕ] = (n− 2N)
∫
M
ϕF2Ndv,
where
F2N (g) =
N−1∑
j=1
(2N−2j)T ∗2j
(
g;
n
2
−N
)
(v2N−2j(g)).
We divide the latterrelation by n− 2N and set n = 2N ; note that T2j(λ) does not have
a pole at λ = 0. This gives
1
2

∫
M
n
2
−1∑
j=1
(n−2j)T˙ ∗2j(0)(vn−2j)dv


•
[ϕ] =
∫
M
ϕFndv.
Now partial integration completes the proof. 
Remark 14.4. There is a unique solution U ∈ C∞(X) (modulo O(rn)) of the equation
−∆g+U = n
being of the form
U = log r + A+Brn log r +O(rn).
In the latter expansion, the coefficient A is completely determined by g. In fact, the
terms T˙2j(0)(1) for j = 1, . . . , n/2 − 1 are just the Taylor coefficients of A. Moreover,
B|r=0 = −cnQn. For the details we refer to [FG02].
Theorem 14.1 implies a global result on extremal values.
Corollary 14.5. Let n be even and let g+ = 4/(1 − |x|
2)2
∑
i dx
2
i be the hyperbolic
metric of sectional curvature −1 on the unit ball. Then, for all metrics on Sn which are
conformal to the round metric g0 and have the same volume, the functional
(−1)
n
2
(
Vn(g+; ·) +
∫
M
Φndv
)
is minimal exactly at the pull-backs κ∗(g0) of g0 under conformal diffeomorphisms.
Proof. By Corollary 3.8 in [B95], we have the inequality
n
2
∫
Sn
ϕ(Qn(g)dvg +Qn(g0)dvg0) ≥ Qn(g0) log
(∫
Sn
dvg/
∫
Sn
dvg0
)
for g = e2ϕg0 with equality exactly for g = κ
∗(g0). It suffices to combine this result
with Theorem 14.1. Note that Vn(g+; g0) can be defined by using the boundary defining
function 21−|x|
1+|x|
. 
Finally, we make Theorem 14.1 explicit in low-order cases. In fact, calculations using
T2(g;λ) =
1
2(n−2−2λ)
(∆−λJ)
and
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T4(g;λ) =
1
8(n−2−2λ)(n−4−2λ)
[(∆− (λ+2)J)(∆− λJ)
− λ(n−2−2λ)|P|2 − 2(n−2−2λ)δ(Pd)− (n−2−2λ)(dJ, d)]
(see [BJ10], [J09a]) yield the following results. Let Qn = Qn(g), Qˆn = Qn(gˆ) and
v2k = v2k(g), vˆ2k = v2k(gˆ).
Lemma 14.5.
V2(g+; gˆ)− V2(g+; g) = −
1
4
∫
M2
ϕ(Qˆ2dvgˆ +Q2dvg).
Lemma 14.6.
V4(g+; gˆ)− V4(g+; g) =
1
32
∫
M4
ϕ(Qˆ4dvgˆ +Q4dvg)−
1
8
∫
M4
(
vˆ22dvgˆ − v
2
2dvg
)
.
Lemma 14.7.
V6(g+; gˆ)− V6(g+; g) = −
1
768
∫
M6
ϕ(Qˆ6dvgˆ +Q6dvg)
+
1
192
∫
M6
((vˆ2Pˆ2(vˆ2)− 32vˆ2vˆ4)dvgˆ − (v2P2(v2)− 32v2v4)dvg).
By combining these results with the integrated versions of (14.33) and (14.34) for the
determinants one may reprove the global Polyakov formulas in Section 14.6.
14.8. Heat kernel coefficients of round spheres and hyperbolic spaces. One can
use harmonic analysis on the spheres Sn of curvature 1 to derive the following description
of heat kernel coefficients of the Laplace operators. These results are closely related to
analogous results for the hyperbolic spaces Hn of curvature −1. For details we refer to
[CW76] and [C90].
Proposition 14.8. For even n and 0 ≤ k ≤ n/2− 1, we define the numbers βk,n by the
relation
n−3
2∏
j= 1
2
(j2 − t2) =
n
2
−1∑
k=0
βk,nt
2k
and set
bk = (−1)
n
2
−1 1
(n
2
− 1) · · · (n
2
− k)
βn
2
−1−k,n.
Similarly, for odd n and 0 ≤ k ≤ (n− 3)/2, we define the numbers βk,n by the relation
n−3
2∏
j=1
(j2 − t2) =
n−3
2∑
k=0
βk,nt
2k
and set
bk = (−1)
n−3
2
1
(n
2
− 1) · · · (n
2
− k)
βn−3
2
−k,n.
94 ANDREAS JUHL
Then the heat kernel coefficients a2k with 0 ≤ 2k ≤ n − 2 of the Laplacian of S
n are
given by the formula
a2k = bk +
(
n− 1
2
)2
bk−1 + · · ·+
1
k!
(
n− 1
2
)2k
b0. (14.44)
For any k, Proposition 14.8 yields a formula for a2k as a polynomial of degree 2k in
n which is valid for sufficiently large n. The same formula continues to hold for small
n although the analogs of the formulas in Proposition 14.8 may look differently. For
instance, on S2 we have the classical formula
bk = (−1)
k 1
k!
(21−2k − 1)B2k
with the Bernoulli numbers B2k.
Now Proposition 14.8 can be used to derive explicit formulas for the first few heat
kernel coefficients of the Laplace operators on the round spheres of curvature 1. We find
that a0 = 1 and
a2 =
n(n−1)
6
,
a4 =
n(n−1)(5n2 − 7n+ 6)
3 · 5!
,
a6 =
n(n−1)(35n4 − 112n3 + 187n2 − 110n+ 96)
9 · 7!
.
By P2 = ∆ − n/2(n/2 − 1) and e
t(∆+c) = et∆etc (for any real constant c), these results
imply that the first four heat kernel coefficients of the conformal Laplacian on the sphere
Sn are given by a0 = 1 and
a2 = −
n(n−4)
2 · 3!
,
a4 =
n(n−6)(5n2 − 18n+ 4)
2 · 6!
,
a6 = −
n(n−8)(35n4 − 308n3 + 688n2 − 184n− 96)
9!
.
In particular, in the respective critical dimensions, we find
a2 = 1/3, a4 = −1/15 and a6 = 5/63.
Hence we obtain
1
(4pi)
∫
S2
a2dv =
1
6
χ(S2),
1
(4pi)2
∫
S4
a4dv = −
1
180
χ(S4)
and
1
(4pi)3
∫
S6
a6dv =
1
1512
χ(S6)
using ∫
S2
dv = 4pi,
∫
S4
dv =
8
3
pi2 and
∫
S6
dv =
16
15
pi3.
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These results for the round spheres S2, . . . , S6 are special cases of Proposition 4.3 in
[PR87] (up to a correction of the sign for S6). Note also that the values
v2 = −1/2, v4 = 3/8 and v6 = −5/16
(in the respective critical dimensions n = 2, 4, 6) yield the relations
a2 = −2/3v2, a4 = −8/45v4 and a6 = −16/63v6. (14.45)
These relations may serve as a cross-check of the coefficient of V•[ϕ] in (14.34) and
(14.33).
Next, we observe that the identity H(r) = (1− r2/4)−2P2 on S
n (see (1.11)) implies
Tr(etH(r)) = Tr(et(1−r
2/4)−2P2).
Hence the heat kernel coefficients of H(r) for the round sphere Sn are given by the closed
formula
a2N (r) = (1−r
2/4)n−2Na2N (S
n)
in terms of the heat kernel coefficients of the conformal Laplacian on Sn. In particular,
we obtain
a0(r) = (1−r
2/4)n and a2(r) = −n(n−4)/12(1−r
2/4)n−2. (14.46)
The latter formulas can be used for a cross-check of Lemma 6.1 and Theorem 1.8. Note
also that, for even n, the critical coefficient an(r) does not depend on r.
Finally, the above results for the conformal Laplacian on the spheres Sn of curvature
1 imply analogous results for the conformal Laplacian on the hyperbolic spaces Hn of
curvature −1 by using the well-known duality
a2N (S
n) = (−1)Na2N (H
n). (14.47)
14.9. The correction terms as polynomials in v2k. The coefficients ω2k in the ex-
pansion of the correction term (w˙(r))2 of the second heat-kernel coefficient a2(r) can be
written as non-linear polynomials in renormalized volume coefficients. The first few of
these formulas are
ω0 = 0,
ω2 = v
2
2,
ω4 = 4v2v4 − v
3
2 ,
ω6 = 6v2v6 + 4v
2
4 − 5v4v
2
2 + v
4
2,
ω8 = 8v2v8 + 12v4v6 − 8v2v
2
4 − 7v6v
2
2 + 6v4v
3
2 − v
5
2.
14.10. Product metrics and consequences. We describe an alternative method for
the derivation of an explicit formula for the second Taylor coefficient a(2,2) of a2(r). For
this purpose, we consider product manifolds Mn = Mp1 ×M
q
2 (n = p + q with p, q ≥ 3)
with the product metrics g = g1 + g2 given by Einstein metrics gi on the factors so that
λ
def
=
scal(g1)
4p(p−1)
= −
scal(g2)
4q(q−1)
. (14.48)
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An important feature of these product metrics is that their Schouten tensors decompose
as the sum of the respective Schouten tensors of the factors. In fact, we have
P(g) =
(
P(g1) 0
0 P(g2)
)
=
(
2λg1 0
0 −2λg2
)
. (14.49)
In particular, we find J(g) = 2λ(p − q). The following result describes the associated
Poincare´-Einstein metrics.
Proposition 14.9 ([GL09]). The metric
g+ = r
−2
(
dr2 + (1−λr2)2g1 + (1+λr
2)2g2
)
(14.50)
satisfies Ric(g+) = −ng+.
Equation (14.50) implies that
v(r) = (1− λr2)p(1 + λr2)q and w(r) = (1− λr2)p/2(1 + λr2)q/2. (14.51)
Now let H(r; g) be the corresponding holographic Laplacian. A calculation yields the
explicit formula
H(r; g) = (1−λr2)−2P2(g1) + (1+λr
2)−2P2(g2) = H(r; g1) +H(r; g2). (14.52)
Thus, by the functoriality of heat kernel coefficients (see Section 4.8 of [G84]), the
coefficient a2(r) for H(r; g) equals
a0((1− λr
2)−2P2(g1))a2((1 + λr
2)−2P2(g2))
+ a2((1− λr
2)−2P2(g1))a0((1 + λr
2)−2P2(g2)),
i.e.,
(1− λr2)p(1 + λr2)q−2a0(P2(g1))a2(P2(g2))
+ (1− λr2)p−2(1 + λr2)qa2(P2(g1))a0(P2(g2)).
Hence, using a0 = 1 and a2 = −(n−4)/6J (for any manifold of dimension n), we find
a2(r) =
q−4
6
2λq(1−λr2)p(1+λr2)q−2 −
p−4
6
2λp(1−λr2)p−2(1+λr2)q. (14.53)
We apply the latter formula to prove the following result.
Proposition 14.10. The coefficient a(2,2) is given by
a(2,2) =
n−5
12
J
2 −
n−8
12
|P|2. (14.54)
Proof. On the one hand, the coefficient a(2,2) is a universal scalar Riemannian invariant
of weight 4. Hence it can be written as a linear combination
aJ2 + b|P|2 + c∆J + d|W |2
with universal coefficients depending on n. On the other hand, the coefficient of r2 in
the Taylor expansion of (14.53) is given by
1
3
λ2((n3−6n2+8n)− p(4n−20)n+ p2(4n−20)).
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Now we have
aJ2 + b|P|2 = 4λ2a(p− q)2 + 4λ2bn = 4λ2((an2 + bn)− 4pan+ 4p2a)
and a comparison of the decompositions R = W −P?g on the product space and on the
factors yields the relation |W |2 = |W1|
2+ |W2|
2 of the Weyl tensors.32 But the universal
equality of
4λ2((an2 + bn)− 4pan + 4p2a) + d|W |2
and
1
3
λ2((n3−6n2+8n)− p(4n−20)n+ p2(4n−20))
for all p holds precisely if d = 0 and a and b take the given values. In order to determine
c, we use the fact that the integrands
Λ2 = a(2,2) − v
2
2 = a(2,2) − J
2/4
define variational integrals. By Lemma 14.8, this property implies the relation
2(a+ b− 1/4) + (n− 4)c = 0.
Hence c = 0. 
Lemma 14.8. The linear combination
I4 = aJ
2 + b|P|2 + c∆J
satisfies the conformal variational formula(∫
Mn
I4dv
)•
[ϕ] = (n− 4)
∫
Mn
ϕI4dv
iff
2(a+ b) + (n− 4)c = 0. (14.55)
Proof. The claim easily follows from the usual conformal variational formulas for J and
P. Note that the assertion already can be found as Equation (5.4) in [BO88]. 
Note that 8v4 = J
2−|P|2 and Q4 =
n
2
J
2−2|P|2−∆J both satisfy the relation (14.55).
Remark 14.5. By −2v2 = J, the formula Λ0 = −(n− 4)/6J can be restated as
Λ0 = (n−4)/3v2.
Similarly, using 8v4 = J
2 − |P|2, Proposition 14.10 implies that the difference
Λ2 = a(2,2) − v
2
2 = a(2,2) − J
2/4
equals
n−8
12
(J2 − |P|2) = (n−8)
2
3
v4.
These are the special cases k = 1 and k = 2 of Theorem 1.8.
32In particular, the product space is conformally flat if the factors (of opposite curvature) are. The
conformal flatness of the product Sp × Hq also follows directly from its well-known realization as the
complement of a sphere in a sphere.
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For the product metrics in Proposition 14.9, the identity
a2(r)− (w˙(r))
2 = −
1
3
(
v¨(r)−
n−2
2
r−1v˙(r)
)
can be verified by a straightforward calculation using the explicit formulas (14.51) and
(14.53). This is a special case of Theorem 1.8.
It seems difficult to determine the higher-order Taylor coefficients of a2(r) by a gen-
eralization of the above method. The main reason is that special metrics with explicitly
known Poincare´-Einstein metrics are rare. In particular, considerations of the product
spaces Sp × Hq do not suffice to determine the coefficient of r4 in a2(r). Nevertheless,
this method can be used to obtain the following information on the coefficient of r2 in
the expansion of a4(r).
Proposition 14.11. For locally conformally flat metrics, the coefficient of r2 in the
expansion of a4(r) has the form
360a(4,2) = 48(n−4)(n−6)v6 + 48(n−4)(n−12)v2v4 − 12(n−4)(n−16)v
3
2,
up to terms which involve derivatives of curvature.
Proof. The coefficient a(4,2) is a universal linear combination (with coefficients depending
on n) of the three terms v6, v2v4 and v
3
2 and of terms which involve derivatives of
curvature: |dv2|
2, ∆(v4), ∆(v
2
2), δ(Pdv2) and ∆
2(v2). Now, for the spaces S
p × Hq, we
have
a4(r) = (1− λr
2)p−4(1 + λr2)qa4(P2(S
p))
+ (1− λr2)p−2(1 + λr2)q−2a2(P2(S
p))a2(P2(H
q))
+ (1− λr2)p(1 + λr2)q−4a4(P2(S
p))
with λ = 1/4. Formulas for the heat kernel coefficient a2 and a4 of the conformal
Laplacian on round spheres and hyperbolic spaces were given in Section 14.8. We use
the resulting formula for 360a(4,2) to represent this quantity as a linear combination of
v6, v2v4 and v
3
2 with quadratic coefficients in n. A calculation shows that the general
solution has the form
(c2n
2 + c1n+ 1152)v6
+
(
(96− c2)n
2 + (−1280− c1 + 2/3c2)n+ (2624 + 2/3c1)
)
v2v4
+
(
(−28 + 1/3c2)n
2 + (416 + 1/3c1 − 1/3c2)n+ (−928− 1/3c1)
)
v32
with arbitrary coefficients c1, c2. In particular, the solution is unique once the coefficient
of v6 is known. Therefore, it suffices to combine the result with those arguments in
Section 14.11 which yield the coefficient of v6. 
In the following section, we shall use an alternative method to derive a fully explicit
version of Proposition 14.11 for general metrics.
HEAT KERNELS, AMBIENT METRICS AND CONFORMAL INVARIANTS 99
14.11. On the coefficient a4(r). We apply the method of Section 11 to determine the
first two terms in the asymptotic expansion of a4(r). We continue to use the notation of
Section 11. The following result is a consequence of Gilkey’s formula for the heat kernel
coefficient a4 of second-order operators of the form (11.3).
Proposition 14.12. The fourth-order heat kernel coefficient of the operator
L = −(∆g + g(dη, d) + b), η, b ∈ C
∞(M)
is given by
360a4(L) = 2|R|
2
g − 2|Ric |
2
g + 5 scal
2+12∆g(scal +5E) + 60 scalE + 180E
2,
where
E = b−
1
4
|dη|2g −
1
2
∆g(η).
Proof. By Theorem 4.18.16/c) in [G84], the heat kernel coefficient a4 of an operator L
as in (11.3) is given by
360a4 = 2|R|
2
g − 2|Ric |
2
g + 5 scal
2
+ 12∆g(scal) + 60 trg(∇
2)(E) + 60 scalE + 180E2 + 30|Ω|2g.
Here ∇ and the endomorphism E are given by (11.4) and (11.5). Ω is the curvature
of ∇. Now Ω vanishes in the present case, and for the endomorphism E(r) of L we
have ∇(E(r)) = dE(r) ⊗ id. Hence trg(r)(∇
2)(E(r)) = ∆g(r)(E(r)). This proves the
claim. 
As a consequence, we obtain
Corollary 14.6. We have
360a4(r) =
(
2|R(r)|2g(r) − 2|Ric(r)|
2
g(r) + 5 scal(r)
2
+ 12∆g(r)(scal(r) + 5(E(r)) + 60 scal(r)E(r) + 180E(r)
2
)
v(r)
with
R(r) = R(g(r)), Ric(r) = Ric(g(r)), scal(r) = scal(g(r))
and E(r) as in Lemma 11.2.
The latter result can be used to derive formulas for the coefficients of the expansion
of a4(r) in terms of g. In the following, we shall make explicit the coefficient of r
2.
We start with the discussion in the special case of locally conformally flat metrics. As
before, we define h(ρ) so that h(r2) = g(r).
Lemma 14.9. Assume that g is locally conformally flat, i.e., W = 0. Then
R(r) = h? h˙−
1
2
(h˙? h˙)r2
and
Ric(r) = −(n−2)h˙− h tr(h−1h˙) + (h˙ tr(h−1h˙)− h˙h−1h˙)r2.
In these formulas, ? is the Kulkarni-Nomizu product (7.4), the dot denotes differentia-
tion with respect to ρ and the dependence of h on ρ = r2 has been suppressed.
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Proof. On the one hand, we have
R(g+) =W (g+)− P(g+) ? g+ = W (g+) +
1
2
(g+ ? g+).
But it is well-known that W (g) = 0 implies W (g+) = 0 (see Chapter 7 of [FG12] or
Section 6.14 of [J09a]). Therefore, we obtain
R(g+) =
1
2
(g+ ? g+).
On the other hand, we recall that the curvature tensor R of a metric g is given by
Rijkl =
1
2
[gik,jl + gjl,ik − gjk,il − gil,jk] + gpq(Γ
p
ikΓ
q
jl − Γ
p
ilΓ
q
jk),
where
Γkij =
1
2
gkl(gil,j + gjl,i − gij,l).
It follows that the tangential components of R(g+) are given by
R(g+)ijkl =
1
r2
R(r)ijkl +
1
r2
(Γ0ikΓ
0
jl − Γ
0
ilΓ
0
jk);
here the upper index 0 refers to ∂/∂r. But using
Γ0ij =
1
r
g(r)ij −
1
2
g˙(r)ij,
we obtain
R(g+)ijkl =
1
r2
R(r)ijkl +
1
r2
((1
r
g(r)ik −
1
2
g˙(r)ik
)(
1
r
g(r)jl −
1
2
g˙(r)jl
)
−
(
1
r
g(r)il −
1
2
g˙(r)il
)(
1
r
g(r)jk −
1
2
g˙(r)jk
))
.
Now the first assertion follows by comparing both formulas for the components R(g+)ijkl.
The result for the Ricci tensor follows by contraction. We omit the details. 
Remark 14.6. Under the assumption W = 0, we have 2h¨ = h˙h−1h˙. This is a conse-
quence of the explicit formula h(ρ) = g − ρP+ ρ2/4P2. This shows that the formula for
Ric(r) in Lemma 14.9 is compatible with (10.18).
Lemma 14.9 has the following consequences.
Lemma 14.10. For locally conformally flat metrics, we have the expansions
|R(r)|2g(r) = |R|
2
g + (4(n−4) tr(P
3) + (12J|P|2)r2 + · · ·
and
|Ric(r)|2g(r) = |Ric |
2
g + ((n−2)(n−4) tr(P
3) + 5(n−2)J|P|2 + 2J3)r2 + · · · .
Moreover,
|R|2g = 4(n−2)|P|
2 + 4J2 and |Ric |2g = (n−2)
2|P|2 + (3n−4)J2.
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Proof. In view of
|R(r)|2g(r) = R(r)ijklR(r)abcdg(r)
aig(r)bjg(r)ckg(r)dl,
the coefficient of r2 in the expansion of |R(r)|2g(r) is given by the sum
2g(R˙(0), R) + 4RijklRa
jkl
P
ai,
where the dot denotes differentiation with respect to ρ. First, using R = −P ? g, we
find
RijklRa
jkl
P
ai = 2(n−4) tr(P3) + 6J|P|2.
Next, Lemma 14.9 and h(ρ) = g − ρP + ρ2/4P2 imply that
R˙(0) =
1
2
(g ? P2 + P ? P). (14.56)
Therefore, the results
g(g ? P2, R) = −4(n−2) tr(P3)− 4J|P|2,
g(P ? P, R) = 8 tr(P3)− 8J|P|2
yield
g(R˙(0), R) = −2(n−4) tr(P3)− 6J|P|2.
Now the first claim follows by combining these formulas. Similarly, we observe that
|Ric(r)|2g(r) = |Ric |
2
g + (2g(R˙ic(0),Ric) + 2Ricij Ric
j
a P
ia)r2 + · · · .
Lemma 14.9 implies that
Ric(r) = Ric+
1
2
(|P|2g − nP2)r2 + · · · , (14.57)
i.e., R˙ic(0) = 1
2
(|P|2g−nP2). Now the second claim follows by a direct calculation using
P = (n−2)Ric+Jg. 
The extension of Lemma 14.10 to general metrics requires formulas for the first two
terms of the expansions of R(r) and Ric(r) in terms of g. The following result provides
that information.
Lemma 14.11. The expansions of R(r) and Ric(r) start with
(W − g ? P) + Tr2 + · · ·
with
Tijkl =
1
2
(∇k(C)lij −∇l(C)kij)−
1
2
(Ri
a
klPaj +R
a
jklPai)
and
Ric+
1
2
(|P|2g − nP2 + B)r2 + · · · .
Here B and C are the respective Bach and Cotton tensors (14.10). These expansions
generalize (14.56) and (14.57).
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Proof. We recall the variational formula
R˙ijkl[h] = (d/dt)|0(R(g + th)ijkl)
=
1
2
(∇i∇khjl +∇j∇lhik −∇i∇lhjk −∇j∇khil +Rijk
ahal − Rijl
ahka)
([B87] Theorem 1.174). For g(ρ) = g − ρP, it yields
R˙ijkl =
1
2
(−∇i∇kPjl −∇j∇lPik +∇i∇lPjk +∇j∇kPil − Rijk
a
Pal +Rijl
a
Pka).
By interchanging covariant derivatives, we find
R˙ijkl =
1
2
(∇k(∇jPil −∇iPjl) +∇l(∇iPjk −∇jPik)− Rijk
a
Pal +Rijl
a
Pak
− [∇i,∇k]Pjl − [∇j ,∇l]Pik + [∇j,∇k]Pil + [∇i,∇l]Pjk).
This identity can be written as the sum of
R˙ijkl =
1
2
(∇k(C)lij −∇l(C)kij) +
1
2
(−Rijk
a
Pal +Rijl
a
Pak)
and
1
2
(Rikj
a
Pal +Rikl
a
Paj +Rjli
a
Pak +Rjlk
a
Pai)
−
1
2
(Rjki
a
Pal +Rjkl
a
Pai +Rilj
a
Pak +Rilk
a
Paj).
By the first Bianchi identity, the latter sum equals
−
1
2
(Rjik
a
Pal +Rkli
a
Paj +Rijl
a
Pak +Rlkj
a
Pai).
Summarizing yields
R˙ijkl =
1
2
(∇k(C)lij −∇l(C)kij)−
1
2
(Ri
a
klPaj +R
a
jklPai).
This proves the first assertion. Let g(4) be the coefficient of r
4 in the expansion of g(r).
Then
4(n− 4)g(4) = |P|
2g − 4P2 − 2R˙ic(0)
by (6.9.14) of [J09a] and
4(n− 4)g(4) = (n− 4)P
2 − B
by (2.1). This proves the second assertion. 
The following result extends Lemma 14.10 to general metrics.
Lemma 14.12. For general metrics, the coefficients of r2 in the expansions of the
quantities |R(r)|2g(r) and |Ric(r)|
2
g(r) are
4(n−4) tr(P3) + 12J|P|2 + 2∇k(C)lijR
ijkl + 2WijklW
ajkl
P
i
a − 8WijklP
jl
P
ik
and
(n−2)(n−4) tr(P3) + 5(n−2)J|P|2 + 2J3 + (n−2)(B,P),
respectively.
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Proof. It suffices to combine Lemma 14.11 with the arguments in the proof of Lemma
14.10. Note also that
(P ? g)ijkl(P ? g)
ajkl
P
i
a = 2(n−4) tr(P
3) + 6J|P|2.
The proof is complete. 
Lemma 14.9 (or (10.20)) implies that the expansion of scal(r) starts with
scal(r) = scal +((n−2)|P|2 + J2)r2 + · · · . (14.58)
Next, we expand the potential E(r). Lemma 11.2 yields
Lemma 14.13.
E(r) = (n−2)v2 + (2(n−4)v4 − (n−3)v
2
2)r
2 + · · ·
def
= E0 + E2r
2 + · · · .
Now, by Corollary 14.6, 360a(4,2) equals the coefficient of r
2 in the expansion of the
sum(
2|R(r)|2g(r) − 2|Ric(r)|
2
g(r) + 5 scal(r)
2
+ 12∆g(r)(scal(r) + 5E(r)) + 60 scal(r)E(r) + 180E(r)
2
)
v(r). (14.59)
We use the above results to make the latter sum explicit. First, in the conformally flat
case, we find that
(2|R(r)|2g(r) − 2|Ric(r)|
2
g(r) + 5 scal(r)
2)v(r)
= (−2(n−6)(n−2)|P|2 + 2(10n2−23n+18)J2)
+ (−2(n−6)(n−4) tr(P3) + 3(7n2−26n+32)J|P|2 − (10n2−43n+42)J3)r2 + · · · .
Similarly, we obtain
(60 scal(r)E(r) + 180E(r)2)v(r)
= −15(n2−4)J2 +
15
2
((n2−2n−4)J3 − 2(n2−8)J|P|2)r2 + · · · .
These results imply that the coefficient of r2 in (14.59) is the sum of
− 2(n−4)(n−6) tr(P3) + 6(n−4)(n−9)J|P|2 −
1
2
(n−4)(5n−36)J3
= 48(n−4)(n−6)v6 + 48(n−4)(n−12)v2v4 − 12(n−4)(n−16)v
3
2 (14.60)
and the coefficient of r2 in the expansion of
12∆g(r)(scal(r) + 5E(r))v(r). (14.61)
We continue with an analysis of the contribution (14.61). Lemma 8.1 and (14.58) yield
the expansion
∆g(r)(scal(r))v(r) = −δ(g(r)
−1v(r)d(scal(r)))
= ∆(scal) +
(
∆((n−2)|P|2 + J2)− δ((P+ v2)d(scal))
)
r2 + · · · ,
where δ and ∆ are defined by g. Note that
scal = −4(n−1)v2 and (n−2)|P|
2 + J2 = −8(n−2)v4 + 4(n−1)v
2
2.
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Similarly, Lemma 8.1 implies that the expansion of the term ∆g(r)(E(r))v(r) starts with
∆(E0) + (∆(E2)− δ((P+ v2)dE0)) r
2 + · · · .
Hence, by
E0 = (n−2)v2 and E2 = 2(n−4)v4 − (n−3)v
2
2
(see Lemma 14.13), the coefficient of r2 can be written in the form
2(n−4)∆(v4)− (n−3)∆(v
2
2)− (n−2)δ((P+ v2)dv2).
These results show that the coefficient of r2 in the expansion of (14.61) is given by the
sum
24(n−12)∆(v4)− 12(n−11)∆(v
2
2)− 12(n−6)δ((P+ v2)dv2).
Simplifying and summarizing, we have proved the following result.
Proposition 14.13. For locally conformally flat (Mn, g) of dimension n ≥ 3, we have
360a(4,2) = 48(n−4)(n−6)v6 + 48(n−4)(n−12)v2v4 − 12(n−4)(n−16)v
3
2
+ 24(n−12)∆(v4)− 6(n−16)∆(v
2
2)− 12(n−6)δ(Pdv2). (14.62)
Here we use the convention ∆ = −δd.
Note that Proposition 14.13 improves Proposition 14.11. For general metrics, the
corresponding formula for a(4,2) contains a few more terms. In fact, we find
Proposition 14.14. For general manifolds (Mn, g) of dimension n ≥ 3, the formula
for a(4,2) contains the additional terms
4WijklW
ajkl
P
i
a − 16WijklP
ik
P
jl − J|W |2 + 4∇k(C)lijR
ijkl − 8(B,P).
Proof. The additional terms are contained in the contributions
(2|R(r)|2g(r) − 2|Ric(r)|
2
g(r))v(r).
These are described in Lemma 14.12. We omit the details of the calculation and note
only that the resulting contribution −2(n−2)(B,P) splits as the sum of
−2(n−6)(B,P) (from 48(n−4)(n−6)v6)
and −8(B,P). 
Remark 14.7. Let g be Einstein. Then P = 2cg and v(r) = (1−cr2)n for some constant
c. In this case, Proposition 14.13 yields
360a(4,2) = −4c
3n(n−4)(n−6)(5n2−18n+4)− 2c(n−4)|W |2 = −c(n−4)360a4.
This relation fits with the consequence a(4,2) = −c(n−4)a4 of (1.20).
Remark 14.8. As a byproduct of the calculations, we find that the coefficient 360a4 =
360a(4,0) equals the sum
(−2(n−6)(n−2)|P|2 + 2(10n2−23n+18)J2)− 15(n2−4)J2
+ 12(5∆(E0) + ∆(scal)) + 2|W |
2.
This formula implies the identity (14.5) for a4 of the conformal Laplacian.
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Next we use Proposition 14.13 to derive a closed formula for the coefficient c(4,2) for
locally conformally flat metrics. We start by determining the conformal variation of the
total integral of a(4,2). Let
360a′(4,2)
def
= 48(n−4)(n−6)v6 + 48(n−4)(n−12)v2v4 − 12(n−4)(n−16)v
3
2.
Then
360
(∫
M
a(4,2)dvol
)•
[ϕ] = 360
(∫
M
a′(4,2)dvol
)•
[ϕ]
by Proposition 14.13. Now partial integration and the formulas in the proof of Proposi-
tion 14.2 show that the latter variation is given by the sum of the scaling term
360(n−6)
∫
M
ϕa′(4,2)dvol
and∫
M
ϕ
(
24(n−4)(n−12)∆(v4)− 24(n−4)(n−12)δ(v2 + 1/2P)dv2
− 18(n−4)(n−16)∆(v22)
)
dvol,
where ∆ = −δd. On the other hand, (13.2) implies
360
(∫
M
a(4,2)dvol
)•
[ϕ] = 360(n−6)
∫
M
ϕa(4,2)dvol − 180
∫
M
ϕc(4,2)dvol.
These identities hold true for arbitrary ϕ ∈ C∞(M). Hence a comparison using Propo-
sition 14.13 shows that
−180c(4,2) = 48(n−12)∆(v4) + 48(n−3)δ(Pdv2) + 36n∆(v
2
2). (14.63)
But
c˜(4,2) = 240v
3
2 − 576v2v4 − 48∆v4 − 36∆v
2
2 − 48δ(Pdv2)
is a conformal primitive of −180c(4,2) in the sense that(∫
M
c˜(4,2)dv
)•
[ϕ] = (n− 6)
∫
M
ϕc˜(4,2)dv − 180
∫
M
ϕc(4,2)dv.
Hence the modified heat kernel coefficient
a′(4,2)
def
= 360a(4,2) − c˜(4,2)
satisfies (∫
M
a′(4,2)dv
)•
[ϕ] = (n− 6)
∫
M
ϕa′(4,2)dv.
A calculation shows that
a′(4,2) = 48(n−6)(n−4)v6 + 48(n−6)(n−10)v2v4 − 12(n−6)(n−14)v
3
2
+ 24(n−10)∆v4 − 6(n−22)∆v
2
2 − 12(n−10)δ(Pdv2).
Finally, we discuss extremal properties of the functional
A(4,2)
def
=
∫
M6
a(4,2)dv (14.64)
106 ANDREAS JUHL
for locally conformally flat metrics in the critical dimension n = 6.
Proposition 14.15. Let M6 be closed with a locally conformally flat Einstein metric
g.33 Then the restriction of the scale-invariant functional A(4,2) to the conformal class
c = [g] has a local maximum at g. The local maximum is strict (modulo rescalings)
unless (M6, g) is isometric to a (rescaled) round sphere.
Proof. We argue as in the proof of Theorem 12.1 using a formula for the second conformal
variation. Let g be locally conformally flat Einstein and c = scal(g)/(4n(n − 1)) =
scal(g)/120. Let γ(t) = e2ϕ(t) be a curve in c so that ϕ(0) = 0 and ϕ′(0) = ϕ. Then the
second conformal variation
(A(4,2)(g))
••[γ] = (∂2/∂t2)|0(A(4,2)(γ(t)))
of A(4,2) at g does not depend on ψ = ϕ
′′(0) and is given by the formula
(A(4,2))
••[ϕ] = −2
∫
M6
ϕ∆(∆+ 24c)(ϕ)dv = −2
∫
M6
ϕ∆(∆+ 4nc)(ϕ)dv (14.65)
at g. Now the spectrum of ∆ = −δd consists only of non-positive eigenvalues. If c ≤ 0,
then it follows that the quadratic form on the left-hand side of (14.65) is negative semi-
definite with kernel C. On the other hand, if c > 0, then the first non-trivial eigenvalue
λ1 of −∆ satisfies λ1 ≥ scal(g)/(n−1) = 24c [O62]. In this case, the quadratic form on
the right-hand side of (14.65) is negative semi-definite with kernel spanned by C and the
eigenspace of the eigenvalue scal(g)/(n−1) (being non-trivial only for rescaled spheres).
In the remaining part of the proof we establish the formula (14.65). First, we observe
that, in general dimensions n and for locally conformally flat g, Proposition 14.13 shows
that ∫
Mn
a(4,2)dv =
∫
Mn
a¯(4,2)dv,
where 360a¯(4,2) is defined as the sum
48(n−4)(n−6)v6 + 48(n−4)(n−12)v2v4 − 12(n−4)(n−16)v
3
2.
By partial integration and the formulas in the proof of Proposition 14.2, it follows that
the conformal variation of 360A(4,2) at a locally conformally flat metric g is given by the
sum of the scaling term
360(n−6)
∫
Mn
ϕa¯(4,2)dv
and∫
Mn
ϕ
(
24(n−4)(n−12)∆(v4)− 24(n−4)(n−12)δ(v2+1/2P)dv2
− 18(n−4)(n−16)∆(v22)
)
dv
at g. Note that the latter integral vanishes at Einstein metrics. This follows from the
fact that, for Einstein metrics, v2 and v4 are constant, and that P is a constant multiple
of the metric. This observation confirms that the functional A(4,2) is critical at Einstein
33Thus g is a metric of constant sectional curvature, i.e., (M6, g) is a closed space form.
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metrics in dimension n = 6. Now, for n = 6 and for any locally conformally flat metric
g, the above results show that
360
(∫
M6
a(4,2)dv
)•
[ϕ]
=
∫
M6
ϕ(−288∆(v4) + 288δ(v2+1/2P)dv2 + 360∆(v
2
2))dv (14.66)
at g. We use this formula to prove (14.65) at the Einstein metric g. Note that
v2 = −6c, v4 = 15c
2, v2g + 1/2P = −5gc at g.
Now, by arguments as in the proof of Theorem 12.1, the second conformal variation of
360A(4,2) at the Einstein metric g equals∫
M6
ϕ∆(−288v•4[ϕ] + 1440cv
•
2[ϕ] + 360(v
2
2)
•[ϕ])dv;
the independence on ψ = ϕ′′(0) follows from the vanishing of the integrand in (14.66) if
g is Einstein. A calculation using the formulas for the conformal variation of v2 and v4
(displayed in the proof of Proposition 14.2) shows that the latter sum simplifies to
−720
∫
M6
ϕ∆(∆+ 24c)(ϕ)dv.
This completes the proof. 
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